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ABSTRACT. This paper is based on my talk given at the Symposium on Ring Theory and
Representation Theory held at Shinsyu University, Japan, 7-9 September 2012. In this
paper, we provide an explicit minimal projective bimodule resolution for some weakly
symmetric algebras with radical cube zero. Then by using this resolution we compute
the dimension of its Hochschild cohomology groups and determine the Hochschild coho-
mology ring modulo nilpotence.

1. INTRODUCTION

We consider the bound quiver algebra A = kI'/I where I is the quiver with m vertices

and 2m arrows as follows: am
al a Am—1
Grarg .=, O
€o e1 s €m—1
al a2 am—1

for an integer m > 3, and [ is the ideal of k1" generated by the following elements:

_ 2 2 _ _ _
a1a1 — Qgp, Qp, — Om—10m—1, a1Qgp, A, m—1,

a;Q; — ;—1G;—1, GjGj41, 107,

for2<i<m-—-1,0<j<m—1and 1< <m— 2. Then, the following elements form
a k-basis of A.

€iy Aj, A, QApQp, afn
for0<i<m-1,0<j<mand1<I[,r <m-—1. Itis known that A is a Koszul weakly
symmetric algebra with radical cube zero.

We denote by A°¢ the enveloping algebra A ®j; A% of A, so that left A°-modules
correspond to A-bimodules. The Hochschild cohomology ring is given by HH*(A) =
Exte (A, A) = @p>oExte (A, A) with Yoneda product. It is well-known that HH*(A)
is a graded commutative ring. Let N denote the ideal of HH*(A) which is generated
by all homogeneous nilpotent elements. Then A is contained in every maximal ideal of
HH*(A), so that the maximal ideals of HH*(A) are in 1-1 correspondence with those in the
Hochschild cohomology ring modulo nilpotence HH*(A)/A. In this paper, we describe
the ring structure of HH*(A)/N.

In [8], Snashall and Solberg defined the support varieties for finitely generated modules
over a finite dimensional algebra by using the Hochschild cohomology ring modulo nilpo-
tence. Furthermore, in [2], Erdmann, Holloway, Snashall, Solberg and Taillefer introduced
some reasonable “finiteness conditions,” denoted by (Fg), for any finite dimensional alge-
bra, and they showed that if a finite dimensional algebra satisfies (Fg), then the support
varieties have a lot of analogous properties of support varieties for finite group algebras.

The detailed version of this paper has been submitted for publication elsewhere.

—~137-



Recently, in [3], Erdman and Solberg gave necessary and sufficient conditions for any
Koszul algebra to satisfy (Fg). Consequently, they showed that A satisfies (Fg). So the
Hochschild cohomology ring of A is finitely generated as an algebra. On the other hand,
in the case where m = 2 and chark # 2, A is precisely the principal block of the tame
Hecke algebra H,(S5) for ¢ = —1. In this case, a k-basis of the Hochschild cohomology
groups of A was described by Schroll and Snashall in [7]. They proved independently that
A satisfies (Fg), and gave some properties of the support varieties for modules over A.

In this paper, we provide an explicit minimal projective bimodule resolution of A for
m > 3, and then determine the ring structure of the Hochschild cohomology ring modulo
nilpotence HH*(A)/N.

The contents of this paper are organized as follows. In Section 2, we determine sets G"
(n > 0), introduced in [6], for the right A-module A/rad A. Then, using G", we construct
a minimal projective resolution (P,,d,) of A as an A°-module (Theorem 1). In Section
3, we first determine the dimension of the Hochschild cohomology groups for m > 3
(Theorem 4), and then we give an explicit k-basis of the Hochschild cohomology groups
(Propositions 2, 3) and determine the Hochschild cohomology ring modulo nilpotence
(Theorem 6).

Throughout this paper, for any arrow a in I", we denote the origin of a by o(a) and the
terminus by ¢(a). We write ® as ® for simplicity,

2. A PROJECTIVE BIMODULE RESOLUTION
In this section, we give an explicit minimal projective bimodule resolution
b b o d o
(P.,a.): "‘—>4 P3—>3 P2—>2 P1—>1 P0—>O A—=0

of A= kI'/I for m > 3 by using the argument in [5].

Let B = kQ/I' with a finite quiver @ and an admissible ideal I’ in kQ. In [6], Green,
Solberg and Zacharia introduced the following subsets G" (n > 0) of k@, and used the
subsets to give a minimal projective resolution of the right B-module B/rad B.

Let G° the set of all vertices of @, G' the set of all arrows of Q and G? a minimal set
of generators of I. In [6], the authors proved that for each n > 3 there is a subset G" of
kQ satisfying the following two conditions:

(a) Each of the elements x of G" is a uniform element satisfying
r = Z yry = Z zs, for unique 1y, s, € kQ.
yegn-1 zeGn—2
(b) There is a minimal projective B-resolution of B/rad B
(Re,04): 5% Ry 2y Ry % Ry 2% Ry 2% B/J — 0,
satisfying the following conditions:
(i) For each j >0, R; = @, g, t(7)B.
(ii) For each j > 1, the differential 0, : R; — R;_; is defined by
ta)\ — Z ryt(x)\ for z € G/ and \ € B,
yegi—t

where r, are elements in the expression (a).
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n [5], Green, Hartman, Marcos and Solberg used the subsets G" (n > 0) of kQ to give
a minimal projective bimodule resolution for any finite dimensional Koszul algebra. This
set also appears in the papers [3], [7] and [9] in constructing minimal projective bimodule
resolutions.

In order to give sets G" (n > 0) for A = kI'/I, we first define the following quiver A
and morphisms of quivers ¢' = (¢}, %) : A — I for i =0,1,...,m — 1.

Let A be the following locally finite quiver with vertices (x,7) and arrows b®¥)
(z,y) = (z+ 1,9) and ¥ : (z,y) = (2,5 + 1) for integers =,y > 0 as follows:

c0,2) T c(1,2) T c(2,2) T

0,2) 2% (1,2) 2 (9,9) X, L
c(o,uT c(l,l)T c(m)T

0,1) 2% (1,1 22 91 B
£(0.0) T (10) T £(2.0) T

0,00 2% (1,00 2% (2,0) X%

For any integer z, let Q(z) be the quotient and Z the remainder when we divide z by m.
Then we have 0 <z < m — 1. We denote the sets of vertices of A and I" by Ay and [,
respectively. Also, we denote the sets of arrows of A and I' by A; and I7, respectively.
For each i = 0,1,...,m — 1, we define the maps ¢ : Ag — [ and ¢} : Ay — I} by

(1) For (z,y) € Ay

¢0(5’77y) = vt . ( )
em 1 vy i Qx—y+i)¢2Z.

(2) For b= c=v) € A,

i (BEY) = {aﬂc—y-ki—&-l if Q(x —y+1i) € 2Z,
1 i

x’y)) . U= if Q(x —y+1i) € 2Z,

where we put @y := ag for our convenience.

¢1(c!

Then, for all i = 0,1,...,m — 1 and arrows b®*¥ and ¢®¥ in A, we have
o(¢1 (b)) = o(¢ (™)) = ¢y (. y),
H (b)) = gyl + 1y),
t(i (")) = g,y +1).
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Thus ¢! is a morphism of quivers. Note that ¢¢ naturally induces the map between the
set of paths of A and that of I" as follows:

O (p1- ) = G (p1) - DL (pr),

for a path p;---p.(r > 1) of A where p; is an arrow for 1 < j <r.

Now, we can define the sets G (n > 0) for A in the similar way in [9]. For integers
n>0,r,y>0withz+y=nand:=0,1,...,m— 1, we define the element gz, in kI’
by

Iryi = > (=161 (p),
p
where

e p ranges over all paths in A starting at (0,0) and ending with (z,y); and
e s, is an integer determined as follows: If we write p = pips...p, with p; arrows
in A for 1 < j <n, then s, = ijzc(zqu j where 2’ and y' are positive integers
with o' +y' =45 — 1.
For each n > 0, we put

G" ={9pn2il0<zr<nand 0 <i<m—1}.
Then, for n = 0,1,2, G" can be described as follows:

go = {607617 v 7em—1}7

Q’l = {al, vy Ay, —Ag —61, —62, N —Em,l},
G =
{=61(c®cOD), 6 (0O D) — g (OB, g (HOOBH) [0 < i < m— 1)

— 2 2
= {—aoab —a100, —Q;0; 1,101 — Ag, Aj110541 — A5, Gy — Ap10m—1,
1110142, A1 | 2<i<m—1,1<j<m—2and 0 <] <m —2}.

And it is easily seen that G satisfies the conditions (a) and (b) for m > 3 in the beginning
of this section.
Now, for any integer n > 0, we define a left A°-module

= [T Aolg) ® t(g)A.

geG™
Using the argument of [5], we have the following minimal projective resolution of A.

Theorem 1. [4, Theorem 2.3] The following sequence is a minimal projective resolution

of the left A°-module A.
(P,0s) i =P, 2P .o 5P 2P Ts A0,

where w 1s the multiplication map and left A°-homomorphisms 0,, are defined by
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(1) In the case where i =0,

an(O(gg,n—:c,()) ® t(gy Tn— mO)) =
((—=1)"0 (96‘2110) ® ¢ (")
{¢0( )®t(9n 100) ifn=0,1(mod4), ifr =0
—Qb(l)(C(O 0 ) ® t(gnq,o,o) if n = 2,3(mod 4), 7
(95 "1n—20) @ ¢°( H”“”’) +(=1)"0(gpmt 1-00) ® (P 70)
H(=1)" (0" )®t(9$ Ln— xl)
. {( D O0) @ UG ae) i =0, 1modd),
(=1)* ¢(1)( (0.0) ) ® t(gn—l—x,:c,O) if n = 2,3(mod 4),
if 1<z <n-—1,
\0(931,0,0) ® Cb?(b(nfl 0 ) + ( ) ¢0( ) ® t(.gn 1,0, 1) if x =n.

(2) In the case where 1 < i <m — 2,

On(0(9rn—a) @ UG n—2i)) =
((—1)" (90n 12) ® ¢Z (C(O’n_l)) + ¢§(C(0’0)) & t(gg,;;,iq) if =0,
oG ) © 910 & (1ol L) © B4 )
+(=1)° 9251( )®t(g:c 1n— zz-i-l)
+(=1)" d)’(c(oo))@t(gm i 1) fl<z<n-1,
Lo(gn= 10@)®¢Z( b0 + +(=1)" ¢l( )®t(9n 101+1) if x =n.

(3) In the case where i =m — 1,

aTL(O(gg,nfx,mfl) ® t(Q;,nfz,mq)) =
( (_1>n0(gg,;£1,mf1) ® Qﬁnil(c(o’n_l)) + ‘Zﬂnil(c(o’o)) ® t(QSL,;ll,mfZ)
if v =0,
(31 1) @ QT (O E)
+(=1)" (gzn 1—z,m— 1) @7 ( xn_l_x))
(=1)7o7" 1(1)(00))®t(gn ra-tme » if n =0, 1(mod 4),
—(=1)* ¢ (VO @ t(gh L sy m1)  if n = 2,3(mod 4),
+(=1)%1"" 1( )®t(gmn 1—z,m— 2)s
ifl<xr<n-—1,
o(In10m-1) ® ¢m71( (n=1.00)
(=1 (1 )®t(90n Lm—1) if n=0,1(mod4),
—(=1)"7 T (0) @ Hgyp 1 m) i 7= 2,3(mod 4),
L if t =n.

+

+
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3. HOCHSCHILD COHOMOLOGY OF A

In this section, we give a k-basis of the Hochschild cohomology groups of A and deter-
mine the ring structure of the Hochschild cohomology ring modulo nilpotence by using
the minimal projective A°-resolution given in Theorem 1.

By setting P := Homae(P,, A) and 0} = Hom4e(0,, A) for n > 0, we get the following
complex.

*

o* ) % _ o oy
(P;,0): 0= PSP 2. ...25p P8

Then, for n > 0, the n-th Hochschild cohomology group HH"(A) of A is given by
HH"(A):= Ext’.(A, A) = Ker 0}, /Im 0;.

In the rest of the paper, for an integer n > 0, we set p := Q(n) and t := 7, that is, p
and ¢ are unique integers such that n =pm +¢ withp>0and 0 <t <m — 1.

Using the complex (P}, 0}), we compute a k-basis of HH"(A) for n > 0. Now we
consider the case where m is even. In the case where m is odd, we have the similar
results.

Proposition 2. [4, Proposition 3.7] Suppose that m > 3. Then the following elements
form a k-basis of the center Z(A) = HH°(A) = Ker 0} of A.

m—1

E €i, G, Gm, a;a; forl <j<m.
i=0

Proposition 3. [4, Proposition 3.8] Suppose m > 3 and m is even. For eachn = pm-+t >
1, the following elements form a k-basis of HHP™ *(A).

(1) In the case where p and t are even, we have a k-basis of HH"™**(A) as follows:
(@) Ifv1 = (p—a)m+1t/2, o =am +1t/2,

' e; if 1 1s even,
e; ® ¢p(r1,n — x1) > (_1)t/2@, if © 1s odd
) )
Xn, f i i
n,a e; if 1 1s even,

i QP = — .
ei ® ¢p(T9,n — T9) (_1)t/2€i if 1 1s odd,

for0<i<m-—1,0<a<p/2
(b) If z =pm/2 +t/2, Tp1 : €0 @ PY(x,n — x) > ag.
(¢) Ifx=pm/2+1/2, Tno:em1 @0 H(2,n —T) = ap.
(d) Ifz=(p—a)m+1/2,
Foo:e®o5(z,n—x)— aja  for0<a<p/2-1.
(e) If x =pm/2+1/2, chark =2, F,, ;)5 : €0 ® ¢p(x,n — x) — a1d;.
(2) In the case where p is even and t is odd, we have a k-basis of HHP""*(A) as follows:
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(@) Ifey=(p—a)ym+ (t—1)/2 and xo = am + (t — 1)/2,

) - e
} a if 1 1s even,
ei ® 7 T ’n — X — ep e .
¢0( 1 1) (_1)(t—1)/25i if 1 1s odd,
. @ if i is even(# 0),

€ ® ¢h(we,n — ) —
(2 2) (_1)(t—1)/25i if 1 1s odd,

\em—l ® qzsgl_l(x? + 17 n—IXo — ]') = (_1)(t+1)/2am7
for0<i<m-—-1,0<a<p/2-1.
(b) If t =pm/2+ (t —1)/2 and char k # 2,
, a; if 1 1s even,

e R oy(r,n —x) — o
il ) (—1)E=D2g;  if i ds odd,

Hnp/2 - L
— Qi1 if 1 1s even,

i@ +1n—1—1x)—
€ ® ¢yl n z) {(—1)(t+1)/2ai+1 if i is odd,

for0<i<m-—1.
(¢) Ifx =pm/2+ (t —1)/2 and chark = 2, 1,2 : €0 @ ¢Q(x,n — x) — ag.
(d) If v =pm/2+ (t +1)/2 and chark = 2,
N;7p/2 tem-1® Qﬁglil(xa n-— $) = Q-
(€) Ifx=(p—a)m+(t—-1)/2,
eo® P (x+1,n—1—1z) a,
e1 ® ¢y, n — ) = (—1)ED/2g,
for0<a<p/2-—1.
() fe=pm/2+ (t—1)/2, E,q1:e0 ® d(x,n — ) > aia;.
(8) Ifr=pm/2+ (t+1)/2, Epo:ena @ ¢y~ (v,n —2) = ap,.
(3) In the case where p is odd and t is even, we have a k-basis of HHP""*(A) as follows:
(@) Ifey=(p—a—1)m+ (m+1t)/2 and o = am + (m +1)/2,
: €; if 1 1s even,
% b y 16 = poe .
¢ ® gplz1,n = 1) (—1)m+)/2¢,if i is odd,

n,o ¢

Xn,a: e .
€; if 1 1s even,

ei ® ¢p(T9,n — T9) (_1)(m+t)/2@i if i is odd,

for0<i<m-1,0<a<(p—1)/2.
) Ifzr=(p—1)m/2+ (m+1)/2, Tp1: €0 @ PY(x,n — x) > ag.
(¢) Ifzr=(p—1)m/2+(m+1)/2, Tno:em1 @O (z,n —T) = ap,.
(d) fe=(p—a—-1)m+ (m+1t)/2,
Fro:e®d5(z,n—x)—aja for0<a<(p—1)/2—1.
(e) Ife=(p—1)m/2+ (m+1t)/2 and chark = 2,
Fop-1)2 1 €0 ® ¢Q(x,n — x) — a1a;.
(4) In the case where p and t are odd, we have a k-basis of HH?"(A) as follows:
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(@) fev=(p—a—-1ym+(m+t—1)/2 and xa = am+ (m+t—1)/2,

.

& i ) a; if 1 1s even,

e; T1,n—T .

v ! (—1)m+=D/2g, i i is odd,

Hna a; if 1 is even(£ 0),

qbo( 2 2) (_1)(m+t—1)/2ai if 1 1s odd,

(em-1® 0" (22 +1,n — 22 — 1) = (=1)"HH D2,
for0<i<m-1,0<a<(p—1)/2—-1.
(b) Ift=(p—1)m/2+ (m+t—1)/2 and chark # 2,
( a; if 1 is even,
(—1)m+=D12g,  if i is odd,
fn(p-1)/2 0 | € @ Gp(w+Ln—1-x)—
—Qiq1 if 1 15 even,
L | (D)0 df s odd,
for0<i<m—1.
(c) Ife=@p—-1m/2+ (m+t—1)/2 and chark = 2,

Hn,(p—1)/2 + €0 ® ¢8<I7n - .T) = aop.
(d) fe=@p—-1)m/2+ (m+t+1)/2 and chark = 2,

[y (p1yj2 * Em1 @ G5 (T, = T) = .
(e) Ifey=pm+4+m—1,25=0,t=m—1,
L ® gbg(pmjtm —1,0) — (—1)’:62-,
" e @i (0,pm 4+ m — 1) = (=1) ey,
for0<i<m—1.
) Ifr=p—a—-1)m+(m+t—1)/2,
o @P(r+1,n—1—2x)— a,
e1 @ ¢p(z,n — x) = (—=1)mH=0/2g,
for0<a<(p—1)/2—-1.
(g) Ifr=(p—1)m/2+(m+t—1)/2, E,1:e0® d)(x,n— ) aia.
) Ifr=@p-1)m/2+(m+t+1)/2, Epno:em1 ® ¢y Ha,n—x) = a?,.

e; @ ¢h(x,n —x)

n,o -

By Propositions 2 and 3, we have the dimension of HH"(A).

Theorem 4. [4, Theorem 3.5] In the case m > 3, we have dim;HH*(A) = m + 3 and,
forpm+t>1,

if p is even and char k # 2,
if pis odd, t #m — 1 and char k # 2,
if pis odd, t =m — 1 and char k # 2,
if p is even and char k = 2,
if p is odd, t #m — 1 and chark = 2,
(4 ifpisodd, t=m—1 and chark = 2.

dim, HHP" ' (A) = p +

B R W N W
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Remark 5. In the case m = 2, by Theorem 4, we have the dimension of the Hochschild
cohomology groups of A given in [7].

By corresponding Yoneda product of the basis elements of HH*(A) given in Propositions
2 and 3, we have the generators of HH*(A) and the following results.

Theorem 6. In the case where m is even with m > 3, and chark # 2, The Hochschild
cohomology ring modulo nilpotence HH*(A) /N of A is isomorphic to the polynomial ring
of two variables k[x2.0, X2m.o]-
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