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ABSTRACT. In this note, we study the Hochschild cohomology for cluster-tilted algebras
of Dynkin types A, and D,. We first show that all cluster-tilted algebras of type A,
are (D, A)-stacked monomial algebras (with D = 2 and A = 1), and then investigate
their Hochschild cohomology rings modulo nilpotence. Also we describe the Hochschild
cohomology rings modulo nilpotence for some cluster-tilted algebras of type D,, which
are derived equivalent to a (D, A)-stacked monomial algebra. Finally we determine the
structures of the Hochschild cohomology rings modulo nilpotence for algebras in a class
of some special biserial algebras which contains a cluster-tilted algebra of type Dj.

1. INTRODUCTION

The purpose in this note is to study the Hochschild cohomology for cluster-tilted alge-
bras of Dynkin types A, and D,,.

Throughout this note, let K denote an algebraically closed field. Let A be a finite-
dimensional K-algebra, and let A° be the enveloping algebra A° @ A of A (hence right
Ac-modules correspond to A-A-bimodules). Then the Hochschild cohomology ring HH*(A)
of A is defined by the graded ring

HH"(A) = Ext’y. (4, A) = @D Ext'ye(4, A),
i>0
where the product is given by the Yoneda product. It is well-known that HH*(A) is a
graded commutative K-algebra.
Let N4 be the ideal in HH*(A) generated by all homogeneous nilpotent elements. The
following question is important in the study of the Hochschild cohomology rings for finite-
dimensional algebras:

Question ([23]). When is the Hochschild cohomology ring modulo nilpotence HH*(A) /N4
finitely generated as an algebra?

It is shown that the Hochschild cohomology rings modulo nilpotence are finitely generated
in the following cases: blocks of a group ring of a finite group [12, 25], monomial algebras
[16], self-injective algebras of finite representation type [17], finite-dimensional hereditary
algebras ([19]). On the other hand, Xu [26] gave an algebra whose Hochschild cohomology
ring modulo nilpotence is infinitely generated (see also [23]).

In [7], Buan, Marsh and Reiten introduced cluster-tilted algebras, and since then they
have been the subjects of many investigations (see for example [1, 3, 6, 7, 8, 9, 10, 11, 21]).
We briefly recall their definition. Let H = K@ be the path algebra of a finite acyclic
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quiver Q over K, and let D°(H) the bounded derived category of H. Then the cluster
category Cyr associated with H is defined to be the orbit category D°(H)/771[1], where T
denotes the Auslander-Reiten translation in D*(H), and [1] is the shift functor in D°(H)
([5, 10]). Note that, by [5], Cy is a Krull-Schmidt category, and by Keller [20] it is also a
triangulated category. A basic object T in Cy is called a cluster tilting object, if it satisfies
the following conditions ([5]):

(1) Exts, (T,T) = 0; and
(2) the number of the indecomposable summands of T equals the number of vertices
of Q.
Let A be the underlying graph of ). Then the endomorphism ring Ende,, (T") of a cluster
tilting object T" in Cp is called a cluster-tilted algebra of type A ([7]). In this note, we deal
with cluster-tilted algebras of Dynkin types A,, and D,,. Note that by [7] these algebras
are of finite representation type.

In Section 2, we show that cluster-tilted algebras of type A, are (D, A)-stacked mono-
mial algebras (with D = 2 and A = 1) of [18] (Lemma 3), and then describe the structures
of their Hochschild cohomology rings modulo nilpotence by using [18] (Theorem 4). In
Section 3, we determine the Hochschild cohomology rings modulo nilpotence for some
cluster-tilted algebras of type D,, which are derived equivalent to a (D, A)-stacked mono-
mial algebra (Proposition 7). We also describe the Hochschild cohomology rings modulo
nilpotence for algebras in a class of some special biserial algebras which contains a cluster-
tilted algebra of type Dy (Theorem 9).

2. CLUSTER-TILTED ALGEBRAS OF TYPE A, AND THE HOCHSCHILD COHOMOLOGY
RINGS MODULO NILPOTENCE

In this section we describe the structure of the Hochschild cohomology rings modulo
nilpotence for cluster-tilted algebras of type A, (n > 1).

First we recall the presentation by the quiver and relations of cluster-tilted algebras of
type A, given in [3, 9]. For a vertex x in a quiver I', the neighborhood of x is the full
subquiver of I' consisting of x and the vertices which are end-points of arrows starting
at x or start-points of arrows ending with x. Let n > 2 be an integer, and let (),, be the
class of quivers @) satisfying the following:

(1) @ has n vertices.
(2) The neighborhood of each vertex v of @ is one of the following forms:

e
. N\

RN N
NN VN
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(3) There is no cycles in the underlying graph of @ apart from those induced by
oriented cycles contained in neighborhoods of vertices of ().

Let @1 = {Q'}, where @' is the quiver which has a single vertex and no arrows. It is
shown in [9, Proposition 2.4] that a quiver I" is mutation equivalent A, if and only if
I'e@,.

In [9], Buan and Vatne proved the following (see also [3]):

Proposition 1 ([9, Proposition 3.1]). The cluster-tilted algebras of type A, are exactly
the algebras KQ/I, where Q € Q,, and

(2.1) I = (p|p is a path of length 2, and on an oriented 3-cycle in Q)
As a consequence we see that cluster-tilted algebras of type A, are gentle algebras of [2]:
Corollary 2 ([9, Corollary 3.2]). The cluster-tilted algebras of type A, are gentle algebras.

Green and Snashall [18] introduced (D, A)-stacked monomial algebras by using the no-
tion of overlaps of paths, where D and A are positive integers with D > 2 and A > 1, and
gave generators and relations of the Hochschild cohomology rings modulo nilpotence for
(D, A)-stacked monomial algebras completely. (In this note, we do not state the definition
of (D, A)-stacked algebras and the result of [18]; see for their details [13, Section 1], [18,
Section 3], or [23, Section 3].)

It is known that (2, 1)-stacked monomial algebras are precisely Koszul monomial al-
gebras (equivalently, quadratic monomial algebras), and also (D, 1)-stacked monomial
algebras are exactly D-Koszul monomial algebras (see [4]). By the definition, we directly
see that all gentle algebras are (2, 1)-stacked monomial algebras (see [13]). Hence, by
Corollary 2, we have the following:

Lemma 3. All cluster-tilted algebras of type A,, are (2,1)-stacked monomial algebras, and
so are Koszul monomial algebras.

By Lemma 3, we can apply the result of [18] to describe the Hochshild cohomology rings
of cluster-tilted algebras of type A,,. Applying [18, Theorem 3.4] with Proposition 1, we
have the following theorem:

Theorem 4. Let n be a positive integer, and let A = KQ/I be a cluster-tilted algebra
of type A, where Q € @, and I is the ideal given by (2.1). Suppose that char K # 2.
Moreover, let r be the number of oriented 3-cycles in (). Then

Klzy, ...,z /{zizj| i # j) ifr>0

HIC(A)fNa = {K ifr =0,

where degx; =6 fori=1,...,r.

Example 5. Let () be the following quiver with 17 vertices and five oriented 3-cycles:

.H./;\H.%/;\H./;\?H/;\
N\
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Then @ € Q7. Suppose char K # 2, and let A := KQ/I, where I is the ideal generated
by all possible paths of length 2 on oriented 3-cycles. Then A is a cluster-tilted algebra of
type A7, and by Theorem 4 we have HH*(A) /Ny ~ K[z1,. .., x5]/(xiz; | i # j), where
degz; =6 (1 <i<5).

3. CLUSTER-TILTED ALGEBRAS OF TYPE ID,, AND THE HOCHSCHILD COHOMOLOGY
RINGS MODULO NILPOTENCE

The purpose in this section is to describe the Hochschild cohomology rings modulo
nilpotence for some cluster-tilted algebras of type D,, (n > 4) which are derived equivalent
to a (D, A)-stacked monomial algebra.

In [3, Theorem 2.3], Bastian, Holm and Ladkani introduced specific quivers, called
“standard forms” for derived equivalences, and proved that any cluster-tilted algebra of
type D, is derived equivalent to one of cluster-tilted algebras of type ID,, whose quiver is
a standard form.

It is known that Hochschild cohomology ring is invariant under derived equivalence, so
that it suffices to deal with cluster-tilted algebras of type D,, whose quivers are standard
forms. In this note, we consider the following quivers I; (1 <1 < 4). Clearly these quivers
are standard forms of [3, Theorem 2.3].

Fll >

[ )
o
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o——>eo ... 0——>e with m (> 4) vertices,
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Iy : with m vertices, where m (> 5) is odd, or m = 4,

[
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[ )

.<—.—\>.<—Il

i/ \I'
Iy: : >0 with 2m vertices, where m > 3.
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Remark 6. For i = 1,...,4, let A; = KI3;/I; be the cluster-tilted algebra of type D,
corresponding to I;. Then we see from [3, 24] that

(1) Ay is the path algebra of a Dynkin quiver of type D,,.

(2) As is of type Dy, and Iy = (ayas, b1bs, asag, babg, aga; — boby). We immediately see
that Aj is a special biserial algebra of [22], but not a self-injective algebra.

(3) Az is of type Dy, and I3 = (p | pis a path of length m — 1). Hence Aj is a
(m—1, 1)-stacked monomial algebra, and is also a self-injective Nakayama algebra.

(4) Ay is of type Dy, and it follows by [3, Lemma 4.5] that A4 is derived equivalent
to the (2m — 1, 1)-stacked monomial algebra A’ = KQ'/I', where @' is the cyclic
quiver with 2m vertices

1 2

o——@

Qm./ \o 3
7'\ / 4

o<——©0

6 5
and I’ is generated by all paths of length 2m — 1. Note that A’ is a self-injective
Nakayama algebra, and moreover is a cluster-tilted algebra of type Dy, ([21, 24]).

In [19], Happel described the Hochschild cohomology for path algebras. Using this result
and [18, Theorem 3.4], we have the following proposition:

Proposition 7. For the algebras Ay, A3 and Ay above, we have
HH*(A;) ~ HH*(Ay) /Ny, ~ K
HH*(A3) /Ny, ~ HH*(Ay) /Ny, = K|z].
Finally we describe the Hochschild cohomology ring modulo nilpotence of the algebra
Ay, = I/ Jg, where k > 0 and J, is the ideal generated by the following elements:
(arasap)*ajay, biba, (asapay)*asag, boby, (apaias)*aga; — bobs.

If K =0, then Jy = I, and so Ay = I,/Jy coincides with the algebra A;. Note that, for
all £ > 0, Ay is a special biserial algebra and not a self-injective algebra.
Now the dimensions of the Hochschild cohomology groups of Ay are given as follows:

Theorem 8 ([14]). For k>0 and i > 0 we have

(k+1 ifi=0 (mod6)
k+1 ifi=1 (mod6)
k if i =2 (mod 6)

dimye HH(A}) = k+1 ifi=3 (mod6) and char K | 3k + 2
k if i =3 (mod 6) and char K { 3k + 2
k+1 ifi=4 (mod6) and char K | 3k + 2
k if i =4 (mod 6) and char K t 3k + 2
Lk if 1 =5 (mod6).
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Moreover the Hochschild cohomology ring modulo nilpotence of Ay is given as follows:

Theorem 9 ([15]). For k > 0, we have
3 if k=0 and char K =2

6 otherwise.

HH*(Ag)/Na, ~ K[z], where degax =

Hence HH*(Ay)/Na, (k > 0) is finitely generated as an algebra.

Remark 10. It seems that most of computations of the Hochschild cohomology rings mod-
ulo nilpotence for cluster-tilted algebras of type ID,, except those in the derived equivalence
classes of A; (1 <i < 4) are open questions.

REFERENCES

[1] I. Assem, T. Briistle and R. Schiffler, Cluster-tilted algebras as trivial extensions, Bull. London Math.
Soc. 40 (2008), 151-162.

[2] I. Assem and A. Skowroniski, Iterated tilted algebras of type A,, Math. Z. 195 (1987), 269-290.

[3] J. Bastian, T. Holm and S. Ladkani, Derived equivalences for cluster-tilted algebras of Dynkin type D,
arXiv:1012.4661.

[4] R. Berger, Koszulity for nonquadratic algebras, J. Algebra 239 (2001), 705-734.

[5] A.B. Buan, R. Marsh, M. Reineke, I. Reiten and G. Todorov, Tilting theory and cluster combinatorics,
Adv. Math. 204 (2006), 572-618.

[6] A. B. Buan, R. Marsh and 1. Reiten, Cluster-tilted algebras of finite representation type, J. Algebra
306 (2006), 412—431.

[7] A. B. Buan, R. Marsh and I. Reiten, Cluster-tilted algebras, Trans. Amer. Math Soc. 359, (2007),
323-332 (electronic).

[8] A. B. Buan, R. Marsh and I. Reiten, Cluster mutation via quiver representations, Comment. Math.
Helv. 83 (2008), 143-177.

[9] A. B. Buan and D. F. Vatne, Derived equivalence classification for cluster-tilted algebras of type Ay,
J. Algebra 319 (2008), 2723-2738.

[10] P. Caldero, F. Chapoton and R. Schiffler, Quivers with relations arising from clusters (A, case),
Trans. Amer. Math. Soc. 358 (2006), 1347-1364.

[11] P. Caldero, F. Chapoton and R. Schiffler, Quivers with relations and cluster tilted algebras, Algebr.
Represent. Theory 9 (2006), 359-376.

[12] L. Evens, The cohomology ring of a finite group, Trans. Amer. Math. Soc. 101 (1961), 224-239.

[13] T. Furuya and N. Snashall, Support varieties modules over stacked monomial algebras, Comm. Al-
gebra 39 (2011), 2926-2942.

[14] T. Furuya, A projective bimodule resolution and the Hochschild cohomology for a cluster-tilted algebra
of type Dy, preprint.

[15] T. Furuya and T. Hayami, Hochschild cohomology rings for cluster-tilted algebras of type Dy, in
preparation.

[16] E. L. Green, N. Snashall and @. Solberg, The Hochschild cohomology ring of a self-injective algebra
of finite representation type, Proc. Amer. Math. Soc. 131 (2003), 3387-3393.

[17] E. L. Green, N. Snashall and @. Solberg, The Hochschild cohomology ring modulo nilpotence of a
monomial algebra, J. Algebra Appl. 5 (2006), 153-192.

[18] E. L. Green and N. Snashall, The Hochschild cohomology ring modulo nilpotence of a stacked mono-
mial algebra, Colloq. Math. 105 (2006), 233-258.

[19] D. Happel, The Hochschild cohomology of finite-dimensional algebras, Springer Lecture Notes in
Mathematics 1404 (1989), 108-126.

[20] B. Keller, On triangulated orbit categories, Documenta Math. 10 (2005), 551-581.

[21] C. M. Ringel, The self-injective cluster-tilted algebras, Arch. Math. 91 (2008), 218-225.

-4 8—



[22] A. Skowroriski and J. Waschbiisch, Representation-finite biserial algebras, J. Reine und Angew. Math.
345 (1983), 172-181.

[23] N. Snashall, Support varieties and the Hochschild ohomology ring modulo nilpotence Proceedings
of the 41st Symposium on Ring Theory and Representation Theory, 68-82, Symp. Ring Theory
Represent. Theory Organ. Comm., Tsukuba, 2009.

[24] D. F. Vatne, The mutation class of D,, quivers, Comm. Algebra 38 (2010), 1137-1146.

[25] B. B. Venkov, Cohomology algebras for some classifying spaces, Dokl. Akad. Nauk SSSR 127 (1959),
943-944.

[26] F. Xu, Hochschild and ordinary cohomology rings of small categories, Adv. Math. 219 (2008), 1872~
1893.

TAKAHIKO FURUYA

DEPARTMENT OF MATHEMATICS

ToOKYO UNIVERSITY OF SCIENCE

1-3 KAGURAZAKA, SHINJUKU-KU, TOKYO 162-8601 JAPAN

E-mail address: furuya@ma.kagu.tus.ac.jp

TAKAO HAvAMI

FACULTY OF ENGINEERING

HOKKAI-GAKUEN UNIVERSITY

4-1-40, ASAHI-MACHI, TOYOHIRA-KU, SAPPORO, JAPAN

E-mail address: hayami@ma.kagu.tus.ac.jp

f49f



