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Abstract. Frobenius algebras are one of the important classes of algebras studied in
representation theory of finite dimensional algebras. In this article, we will study when
given graded Frobenius Koszul algebras are graded Morita equivalent. As applications,
we apply our results to quantum Beilinson algebras.
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1. Introduction

This is based on a joint work with Izuru Mori.
Classification of Frobenius algebras is an active project in representation theory of

finite dimensional algebras. This article tries to answer the question when given graded
Frobenius Koszul algebras are graded Morita equivalent, that is, they have equivalent
graded module categories.

This problem is related to classification of quasi-Fano algebras. It is known that ev-
ery finite dimensional algebra of global dimension 1 is a path algebra of a finite acyclic
quiver up to Morita equivalence, so such algebras can be classified in terms of quivers.
As an obvious next step, it is interesting to classify finite dimensional algebras of global
dimension 2 or higher. Recently, Minamoto introduced a nice class of finite dimensional
algebras of finite global dimension, called (quasi-)Fano algebras [2], which are a very
interesting class of algebras to study and classify. It was shown that, for a graded Frobe-
nius Koszul algebra A, we can define another algebra ∇A, called the quantum Beilinson
algebra associated to A, and with some additional assumptions, ∇A turns out to be a
quasi-Fano algebra. Moreover, it was shown that two graded Frobenius algebras A,A′

are graded Morita equivalent if and only if ∇A,∇A′ are isomorphic as algebras, so clas-
sifying graded Frobenius (Koszul) algebra up to graded Morita equivalence is related to
classifying quasi-Fano algebras up to isomorphism (see [3] for details).

In addition, this problem is related to the study of AS-regular algebras which are the
most important class of algebras in noncommutative algebraic geometry (see [8]).

Our main theorem (Theorem 9) is as follows. For every co-geometric Frobenius Koszul
algebra A, we define another graded algebra A, and see that if two co-geometric Frobenius
Koszul algebras A,A′ are graded Morita equivalent, then A,A′ are isomorphic as graded
algebras. Unfortunately, the converse does not hold in general. On the other hand,
the converse is also true for many co-geometric Frobenius Koszul algebras of Gorenstein
parameter −3.

The detailed version of this paper will be submitted for publication elsewhere.
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2. Frobenius Koszul algebras

Throughout this paper, we fix an algebraically closed field k of characteristic 0, and
we assume that all vector spaces and algebras are over k unless otherwise stated. In this
paper, a graded algebra means a connected graded algebra finitely generated in degree
1, that is, every graded algebra can be presented as A = T (V )/I where V is a finite
dimensional vector space, T (V ) is the tensor algebra on V over k, and I is a homogeneous
two-sided ideal of T (V ). We denote by GrModA the category of graded right A-modules.
Morphisms in GrModA are right A-module homomorphisms preserving degrees. We say
that two graded algebras A and A′ are graded Morita equivalent if GrModA ∼= GrModA′.

For a graded module M ∈ GrModA and an integer n ∈ Z, we define the truncation
M≥n :=

⊕
i≥n Mi ∈ GrModA and the shift M(n) ∈ GrModA by M(n)i := Mn+i for

i ∈ Z. For M,N ∈ GrModA, we write

HomA(M,N) :=
⊕
n∈Z

HomGrModA(M,N(n)).

We denote by V ∗ the dual vector space of a vector space V . If M is a graded right
(resp. left) module over a graded algebra A, then we denote by M∗ := Homk(M,k) the
dual graded vector space of M by abuse of notation, i.e. (M∗)i := (M−i)

∗. Note that M∗

has a graded left (resp. right) A-module structure.
Let A be a graded algebra, and τ ∈ Autk A a graded algebra automorphism. For a

graded right A-module M ∈ GrModA, we define a new graded right A-module Mτ ∈
GrModA by Mτ = M as a graded vector space with the new right action m ∗ a := mτ(a)
for m ∈ M and a ∈ A. If M is a graded A-A bimodule, then Mτ is also a graded A-A
bimodule by this new right action. The rule M 7→ Mτ is a k-linear autoequivalence for
GrModA.

A graded algebra A is called quadratic if A ∼= T (V )/(R) where R ⊆ V ⊗k V is a
subspace and (R) is the ideal of T (V ) generated by R. If A = T (V )/(R) is a quadratic
algebra, then we define the dual graded algebra by A! := T (V ∗)/(R⊥) where

R⊥ := {λ ∈ V ∗ ⊗k V
∗ ∼= (V ⊗k V )∗ | λ(r) = 0 for all r ∈ R}.

Clearly, A! is again a quadratic algebra and (A!)! ∼= A as graded algebras.
We now recall the definitions of Koszul algebras and graded Frobenius algebras. Frobe-

nius algebras are one of the main classes of algebras of study in representation theory of
finite dimensional algebras.

Definition 1. Let A be a connected graded algebra, and suppose k ∈ GrModA has a
minimal free resolution of the form

· · · //
⊕ri

j=1A(−sij) // · · · //
⊕r0

j=1A(−s0j) // k // 0.

The complexity of A is defined by

cA := inf{d ∈ R+ | ri ≤ cid−1for some constant c > 0, i � 0}.
We say that A is Koszul if sij = i for all 1 ≤ j ≤ ri and all i ∈ N.

It is known that if A is Koszul, then A is quadratic, and its dual graded algebra A! is
also Koszul, which is called the Koszul dual of A.
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Definition 2. A graded algebra A is called a graded Frobenius algebra of Gorenstein
parameter ` if A∗ ∼= νA(−`) as graded A-A bimodules for some graded algebra automor-
phism ν ∈ Autk A, called the Nakayama automorphism of A. We say that A is graded
symmetric if A∗ ∼= A(−`) as graded A-A bimodules.

A skew exterior algebra

A = k〈x1, . . . , xn〉/(αijxixj + xjxi, x
2
i )

where αij ∈ k such that αijαji = αii = 1 for 1 ≤ i, j ≤ n is a typical example of a
Frobenius Koszul algebra.

At the end of this section, we give an interesting result about graded Morita equivalence
of graded skew exterior algebras. It is known that every (ungraded) Frobenius algebra
which is Morita equivalent to symmetric algebra is symmetric. The situation in the graded
case is different as the following theorem shows.

Proposition 3. [7] Every skew exterior algebra is graded Morita equivalent to a graded
symmetric skew exterior algebra.

For example, a 3-dimensional skew exterior algebra

A = k〈x, y, z〉/(αyz + zy, βzx+ xz, γxy + yx, x2, y2, z2)

is graded Morita equivalent to a symmetric skew exterior algebra

A = k〈x, y, z〉/( 3
√
αβγyz + zy, 3

√
αβγzx+ xz, 3

√
αβγxy + yx, x2, y2, z2).

3. Co-geometric Frobenius Koszul algebras

In order to state our main result, let us define a co-geometric algebra (see [4] for details).

Definition 4. [4] Let A = T (V )/I be a graded algebra. We say that N ∈ GrModA is a
co-point module if N has a free resolution of the form

· · · // A(−2) // A(−1) // A // N // 0 .

For a graded algebra A = T (V )/I, we can define the pair P !(A) = (E, σ) consisting of
the set E ⊆ P(V ) and the map σ : E → E as follows:

• E := {p ∈ P(V ) | Np := A/pA ∈ GrModA is a co-point module}, and
• the map σ : E → E is defined by ΩNp(1) = Nσ(p).

Meanwhile, for a geometric pair (E, σ) consists of a closed subscheme E ⊆ P(V ) and an
automorphism σ ∈ Autk E, we can define the algebra A!(E, σ) as follows:

A!(E, σ) := (T (V ∗)/(R))! where R := {f ∈ V ∗ ⊗k V
∗ | f(p, σ(p)) = 0, ∀p ∈ E}.

Definition 5. [4] A graded algebra A = T (V )/I is called co-geometric if A satisfies the
following conditions:

• P !(A) consisting of a closed subscheme E ⊆ P(V ) and an automorphism σ ∈
Autk E,

• A! is noetherian, and
• A ∼= A!(P !(A)).
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Example 6. [4] Let A = k〈x, y〉/(αxy + yx, x2, y2) be a 2-dimensional skew exterior
algebra. Then for any point p = (a, b) ∈ P(V ) = P1, Np = A/(ax + by)A has a free
resolution of the form

· · · // A(−2)
(α2ax+by)·

// A(−1)
(αax+by)·

// A
(ax+by)·

// Np
// 0 .

Since ΩNp(1) = A/(αax+ by)A, it follow that

P !(A) = (P1, σ), where σ(a, b) := (αa, b).

In fact, A is co-geometric.

Example 7. The algebras below are examples of co-geometric algebras.

• A Frobenius Koszul algebra of finite complexity and of Gorenstein parameter −3.
For example, if A = k〈x, y, z〉 with the defining relations

αx2 − γyz, αy2 − γzx, αz2 − γxy,

βyz − αzy, βzx− αxz, βxy − αyx.

for a generic choice of α, β, γ ∈ k, then A = A!(E, σ) is a Frobenius Koszul algebra
of complexity 3 and of Gorenstein parameter −3 such that

E = V(αβγ(x3 + y3 + z3)− (α3 + β3 + γ3)xyz) ⊂ P2

is an elliptic curve and σ ∈ Autk E is the translation automorphism by the point
(α, β, γ) ∈ E.

• The skew exterior algebra.

Let A = A!(E, σ) be a co-geometric Frobenius Koszul algebra of Gorenstein parameter
−` with the Nakayama automorphism ν ∈ Autk A. The restriction ν|A1 = τ |V induces an
automorphism ν ∈ Autk P(V ). Moreover, ν ∈ Autk P(V ) restricts to an automorphism
ν ∈ Autk E by abuse of notation (see [5] for details). We can now define a new graded
algebra A as follows:

A := A!(E, νσ`).

Example 8. If A = k〈x, y, z〉 with the defining relations

x2 + βxz, zx+ xz, z2,

y2 + αyz, zy + yz, xy + yx− (β + γ)xz − (α + γ)yz,

where α, β, γ ∈ k, α + β + γ 6= 0, then A = A!(E, σ) is a Frobenius Koszul algebra of
complexity 3 and of Gorenstein parameter −3 such that

E = V(x) ∪ V(y) ∪ V(x− y) ⊂ P2

is a union of three lines meeting at one point, and σ ∈ Autk E is given by

σ|V(x)(0, b, c) = (0, b, αb+ c),

σ|V(y)(a, 0, c) = (a, 0, βa+ c),

σ|V(x−y)(a, a, c) = (a, a,−γa+ c)
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In this case, ν ∈ Autk E induced by the Nakayama automorphism ν ∈ Autk A is given by

ν(a, b, c) = (a, b, (α + γ − 2β)a+ (β + γ − 2α)b+ c)

It follows that A = A!(E, νσ3) is k〈x, y, z〉 with the defining relations

x2 + (α+ β + γ)xz, zx+ xz, z2,

y2 + (α + β + γ)yz, zy + yz, xy + yx− 2(α + β + γ)xz − 2(α + β + γ)yz.

Our main result is as follows.

Theorem 9. [7] Let A,A′ be co-geometric Frobenius Koszul algebras. Then

GrModA ∼= GrModA′ =⇒ A ∼= A′ as graded algebras.

In particular, let A = A!(E, σ), A′ = A!(E ′, σ′) be Frobenius Koszul algebras of finite
complexities and of Gorenstein parameter −3 such that E ∼= E ′. Suppose that E = P2 or
E is a reduced and reducible cubic in P2, then

GrModA ∼= GrModA′ ⇐⇒ A ∼= A′ as graded algebras.

4. Quantum Beilinson Algebras

Finally, we apply our results to quantum Beilinson algebras.

Definition 10. [1], [6] Let A be a graded Frobenius algebra of Gorenstein parameter −`.
Then the quantum Beilinson algebra of A is defined by

∇A :=


A0 A1 · · · A`−1

0 A0 · · · A`−2
...

...
. . .

...
0 0 · · · A0

 .

Theorem 11. [3] Let A,A′ be graded Frobenius algebras. Then

GrModA ∼= GrModA′ ⇐⇒ ∇A ∼= ∇A′ as algebras.

By the above theorem, classifying graded Frobenius algebras up to graded Morita equiv-
alence is the same as classifying quantum Beilinson algebras up to isomorphism.

Quasi-Fano algebras introduced by Minamoto [2] are one of the nice classes of a finite
dimensional algebras of finite global dimensions (see [3], [6] for details).

Definition 12. A finite dimensional algebra R is called quasi-Fano of dimension n if
gldimR = n and w−1

R is a quasi-ample two-sided tilting complex, that is, hi((w−1
R )⊗

L
Rj) = 0

for all i 6= 0 and all j ≥ 0, where wR := R∗[−n].

Let A be a graded Frobenius Koszul algebra of Gorenstein parameter −d. Assume that
A has the Hilbert series

HA(t) :=
∑
i

(dimk Ai)t
i = (1 + t)d

and that A! is noetherian. Then ∇A is a quasi-Fano algebra of dimension d− 1.
In general, it is not easy to check if two algebras given as path algebras of quivers with

relations are isomorphic as algebras by constructing an explicit algebra isomorphism. On
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the other hand, it is much easier to check if two graded algebras T (V )/I and T (V ′)/I ′

generated in degree 1 over k are isomorphic as graded algebras since any such isomorphism
is induced by the vector space isomorphism V → V ′. In this sense, our main result is
useful for the classification of a class of finite dimensional algebras of global dimension 2,
namely, quantum Beilinson algebras of global dimension 2.

Fix the Beilinson quiver

Q = •

x1 //
y1 //
z1 //

•

x2 //
y2 //
z2 //

•

and let
B = kQ/I, B′ = kQ/I ′, B′′ = kQ/I ′′

be path algebras with relations

I = (αy1z2 + z1y2, βz1x2 + x1z2, γx1y2 + y1x2, x1x2, y1y2, z1z2)

I ′ = (x1x2 + α′y1z2, y1y2 + β′z1x2, z1z2 + γ′x1y2, z1y2, x1z2, y1x2)

I ′′ = (α′′y1z2 + z1y2, β
′′z1x2 + x1z2, β

′′x1y2 + y1x2, x1x2 + y1z2, y1y2, z1z2)

where αβγ 6= 0, 1, α′β′γ′ 6= 0, 1, α′′(β′′)2 6= 0, 1. Then B,B′, B′′ are the quantum Beilinson
algebras of co-geometric Frobenius Koszul algebras A,A′, A′′ of Gorenstein parameter −3

A = A!(E, σ) = k〈x, y, z〉/(αyz + zy, βzx+ xz, γxy + yx, x2, y2, z2),

A′ = A!(E ′, σ′) = k〈x, y, z〉/(x2 + α′yz, y2 + β′zx, z2 + γ′xy, zy, xz, yx),

A′′ = A!(E ′′, σ′′) = k〈x, y, z〉/(α′′yz + zy, β′′zx+ xz, β′′xy + yx, x2 + yz, y2, z2),

where E is a triangle and σ ∈ Autk E stabilizes each component, E ′ is a triangle and
σ′ ∈ Autk E

′ circulates three components, and E ′′ is a union of a line and a conic meeting
at two points and σ′′ ∈ Autk E

′′ stabilizes each component and two intersection points.
Since

E ∼= E ′ � E ′′,

we see that
B � B′′, B′ � B′′.

Moreover, it is not difficult to compute

A = A!(E, νσ3)

= k〈x, y, z〉/(αβγyz + zy, αβγzx+ xz, αβγxy + yx, x2, y2, z2),

A′ = A!(E ′, ν ′(σ′)3)

= k〈x, y, z〉/(yz + α′β′γ′zy, zx+ α′β′γ′xz, xy + α′β′γ′yx, x2, y2, z2).

Since A,A′ are skew exterior algebras, it is easy to check when they are isomorphic as
graded algebras. Using theorems, the following are equivalent.

(1) B ∼= B′ as algebras.
(2) GrModA ∼= GrModA′.
(3) A ∼= A′ as graded algebras.
(4) α′β′γ′ = (αβγ)±1.
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