MATRIX FACTORIZATIONS, ORBIFOLD CURVES
AND
MIRROR SYMMETRY

ATSUSHI TAKAHASHI (0O OO)

ABSTRACT. Mirror symmetry is now understood as a categorical duality between alge-
braic geometry and symplectic geometry. One of our motivations is to apply some ideas
of mirror symmetry to singularity theory in order to understand various mysterious
correspondences among isolated singularities, root systems, Weyl groups, Lie algebras,
discrete groups, finite dimensional algebras and so on.

In my talk, I explained the homological mirror symmetry conjecture between orbifold
curves and cusp singularities via Orlov type semi-orthogonal decompositions. I also gave
a summary of our results on categories of maximally-graded matrixfactorizations, in par-
ticular, on the existence of full strongly exceptional collections which gives triangulated
equivalences to derived categories of finite dimensional modules over finite dimensional
algebras.
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00000 D°Fuk™(f) O full exceptional collection 000000 O00.
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Conjecture 1 ([12][13]). f(z,y,2)000000000.
() 00000 (Q,)OoOODOOo

(1.1) HMF (f) ~ D*(mod-CQ/I) ~ D"Fuk ™~ (f*)
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(1.2) D’coh(Cq,) ~ D"(mod-CQ'/I') ~ D"Fuk (T

Y1298)
O000000OC00OC0OO0O0ODODODODDODOO0O0O0O0O0OO (1y)yobooooooooo
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00000000000 000000000000000000

Definition 2. 000 000000000000C0OO f(xy,...,2,) 00000000000

() 0000 (=n)0 f(z1,...2,)0000000000000000000a¢; € C*
0000000 Ey04,j=1,...,n000000
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(2) 00000 (wy,...,w,;d) 00 f(21,...,2,) 00 000ged(wy,...,w,;d) 000
000000000000oo00ooo0,00 E:=(E;)00000QO00
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00000000 f(zy,...,z,) 0 Berglund—Hiibsch 00 f*(zy,...,2,) 000
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0 0
Jac(f) := C[Il,...,xn]/(a—i,...,ag>
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Jac(f") = C[xl"“’x"]/(a_;""’agn)

000000000 CO00000000000 dime Jac(f), dime Jac(f!) > 1
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Definition 3. f(z1,...,2,) =Y.' ¢ [[, 2" 000000000. 000

Jj=1"j
wWq 1
El | =det(E)|:], d:=det(F).
W, 1
000000000000000 (wy,...,w,;d) 0 fO00O0O0O0OOCOOCOOW,00
oodd

Remark 4. OODOODOODOOODOOOOOODOODODOOOOO wy,...,w, 0OO0OO
gbobobooogooboobod

Definition 5. f(z1,...,2,) 0000000W; = (wy,...,w,;d) 0000000000
ogood.oood
cp = ged(wy, . .., Wy, d)

0ooooo

Definition 6. f(z1,....2,) = Y, ¢ [[},2;" 000000000, 000 2,0 =
1,...,n000000 #000000 fO000000 fO00000000O000000
00 e ZéeZf 0000000 00000000 00000 L,000

Ly =Pz o zf /1

=1

oooooooboooooor,od
f—ZE,]xZ, z':l,...,n
j=1
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Remark7. L, 000 10000000000000000O00O0O0OO0O0O00OO0O0O0O0O00O

Definition 8. f(z,...,2,)0000000L,00000000000f0000000O
0G,00

G = Spec(CLy)
O00000oooooo0ooooooocCLy,0 L, 0000000000000000O

Gy = {(Al,...,)\n) € (CH™ H)\JEU S H}\fna}
j=1 j=1
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f00000000000000 Clay,...,7,)0 S0000000 RO Ry == S/(f)
0000000000 L,-0000 R-00000 gelv-R, 0000000000 grls-Ry
00000 proj-R; 000000

Definition 9. 0 OO

L )
(3.1) Dgl(Ry) := D"(gr™'-Ry) /K" (proj™'-Ry)
go0o0oouoououoouoooog.

Remark 10. 0 R; 0000000000000 D%grls-Ry) ~ K*(proj™’-R;) 0000
00000 DY(R)0000 {f=0}000000000000000F.
Remark 11. OO0 0O0O0ODOO0OOOOO
— — L —
C(l) :== (Ry/m)(1) € Dgy(Ry), L€ Ly,
goooooooooooonoooooo

goo Dg;(Rf)DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
gboogbobodboobbuoobbobuoooobuoobbooboobbooboon
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Definition 12. M € gr*/-R; [
Extiqf(Rf/m, M) =0, i<dimRy,
O00000000000000 Cohen-MacauleyR,-000000000

R;0000000 Gorenstein 00000 00000 e L, 000 shiftd00
000

(3.2) Kr, ~ Ry(=&), &= @~ f,
=1

gbobboogobbbuoooobbodo

Lemma 13 (Auslander). 000000 Cohen-Macauley R;-0 000 CM™ (Ry) C grls-R;
O Frobeniuvs U 00D O00OO0D0O0O0OODOODODOODODDOODOOODDOODOODOODO
obogboboobooboobooboobobooboobd 0J
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Definition 14. 0 CM™(R,) 00000000000
Ob(CM™ (Ry)) = Ob(CM™ (Ry)),
CMY (Ry)(M, N) := Homys, (M, N)/P(M,N).

OD000geP(M,N)0DDODOOODOOOD POO0OOG:M—P,¢":P—NO
g=¢'og0000000D000DO00ODOOODOO0O
0 CM™(R;)0 CM™(R;) 00000000

00000000000000000000

Proposition 15 (Happel[7]). 0 CM™(R,) 00000000000 O
000f0000000000000000000D0O00O0000000

Proposition 16. CM™/(R,) 0000000000

> dimy CM™ (Ry,, )(M, T°N) < o0,

goboboooobbbooooobbooooboboboooobbbooo U
goo CMLf(Rf)DDDDDDDDDDDDDDDD

Proposition 17 (Auslander-Reiten[2]). CM™(R;) 0000 S = T" %0 (—¢f) O Serre
guoooooooboogooooood

CMY (Ry,, )(M, N) = Homy (CM™ (R, )(N, SM), k)
0ooooo 0

RfDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDMECMLf(Rf)
00000g-SO0000000O0

0—>F1f$FO—>M—>O

000000000000 0000f0 MOODOOODOOOOODOOOOO0OOO0OO0OOO
0000000000000 f: Fy— £ 0

fifo=f-idgr, fofi=f-idp

OO0b00bD0bo0oOooooboOoOooOo0nbdEisenbud 00O OOOO matrix factoriza-
tion O OOO0Ooooo

Definition 18 (Eisenbud[4)). Fo, F OO000000O0O0O0O0O0Ofy: Fo — F, fi: F —
FoO fifo=fidm, fofi = f-idp, 00000000 S-0000000000000
(Fo, i, fo, )0 f0000000000O00O0000O

_ fo
F::(Fo ? Fl)

oboooo
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Example 19. 00 0
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O0oo00doo0dno ffem,i=1,...,n0000000000000D000O0O0OO0DDOO0
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Lemma 20. fO0000000O0O MFéf(f)D Frobenius 0 0 0000000000000
0d

HMFg (f) := ME¢’ (f)
doooooogggdg ]

Lemma 21. 0 HMF{/ (/)0 0000072 = (f)00000000007000000
0000000000000HMF (f)D00 (n—2)—2;£0000 Calabi-YauO OO

—

O000000e¢s :=deg(ef) and hy :=deg(f) 0000 O
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ooooo Fz(Fo — F1>DDDD Coker(f,)000000000CMY(Ry)0
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Theorem 22 (c.f., Buchweitz, Orlov[10]). 00 OO
HMF ¢/ (f) ~ CM" (R;) =~ Dg!(Ry)
gooooo U
OrlovO0 D 0OO0OOODOOOOOODOOODOODOO
Ay, = [Spec(Rp)\{0} /Spec(C - Ly)]
0000000000000 Dbeoh(Xy,) ~ D¥(grks-Ry)/D(tork-R;) 00000000

Proposition 23 (c.f., Orlov[10]). OO0 OOO0OOO0OOOO :
(1) ¢ >00000

L

Dcoh(Xy,) ~ <DS§(Rf), A0), ..., Aley — 1)>

(3) ¢, <0000D
Dgg(Rf) ~ (Dcoh(Xy,),K(0), ..., K(—ef +1))
DDDDDDDDK(i)::<C(f)>d 50000
eg(l)=i

O
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4. DOLGACHEV
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Proposition 24 ([1]). f(z,y,2)0000000000000000000000000
00000000000 f0 Teble 10000 50000000000000000 O

| Type | Class | f | ft |
I I Pl + ym + b3 xP1 + ypz + b3
(p1, P2, p3 € Z>2) (p1,p2,p3 € Z>2)
11 17 Pt 4 ym + yz% Pt 4 yp22 + v
(p1,p2, B2 € Z>5) (1,2, B € Z>5)

III IV TPl 4 zyQ2+1 + yZKI3+1 TPl + nyI2+1 + yZQ3+1
(p1 € Z>, 92,43 € Z>1) (p1 € Z>, E € Z>1)

A% V P +xyp1 —I—yzpz xp1y+yplz—|—zp2
(1, B € Z2y, B2 € Zz1) || (p1, B2 € Zza, 22 € L)

Vv Vil oy +yPz + 28 2z 4 xy®? 4 y2 B

(91,92, g3 € Z>1) (91, 42, g3 € Z>1)

TaBLE 1. 300000000

O00O0OTable lOOOOCOTypeDOOOOOODOOOOOOOOO 11JOOOOO
00000000010 00000ClassD0000O0O0ODOODODODODOO
00000 f(z,y,2) 0000000000

(4.1) Co, = [fH(0\{0} /Gy]
ooooobb0oobooobbooobb0o0 x4, 000000000000 0eC*O0
O000000000G,0100000000C 000 c¢O0O0O0O0O0OOODOOOO
000000000000 Cg, 0 Deligne-Mumford 000 0000000000000
gbbbuoodobobbbooobbbuoooobbbooobbbooaobobo

Theorem 25 ([5)). f(z,59,2) 00000000000000000000 G, 0003
000000000000P 000000000000000000000 20000
ay,a0,0; 00000000000000000 «>2000i000000 0

Definition 26. Theorem 2500000 (a3, 0, 03) 00 (f,Gy) 000 0O Dolgachev O
O000Aq, 00000,

000 Theorem 250 Orlov 00000 O OO Theorem 23 O Geigle-Lenzing[6] O O O
goodooooooobbbbbooooobbbbboboogo

Corollary 27 ([12][13]). OO OOOOOOOOOOO HMFgf (f) O full exceptional col-
lection 0 O OO 0

gboooobbooooobobodoo
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| Type | f(z,y,2) \ (a1, a2, 3)

I aPt 4 P2 4 2P3 (p1,p2,p3)

II Pt 4 P2 + yZ%g (ph B (p2 — 1)p1>

IT || 2P + 2y 2T BTl (p1, P1g2, P143)

v 2P ayn 4 yze (53@1—1ﬁ§p2—p1+1)

4 vy +yPz+ 2% | (e -+ 1Laa—a+1L,ap —q¢@+1)

TABLE 2. O (f,G;) 0000 Dolgachev O

Theorem 28 ([8|[13]). D0 ODOOOOOOOOOO HMFgf(f) O full strongly excep-
tional collection 0 000D O0D0O0O0OODO QUUOODDOOO CLOOOODDODOO IO00O

0000 Dg/(Ry) ~ D¥(mod-CQ/)DDD0DDONODDONODDONONOODDOOND

C/I0DD0000D0 300000000 full strongly exceptional collection 0 0 0 0 0O O
oood O

gbbboodgbobbbooodgbbboooobbbuooon

() Jo0o0ooooooOoO0oOoooooooood
(2) 00000000 DDO strongly exceptional collection 0 00000000

(3) 00O Category Generating Lemma 0 0 0 0 00 O strongly exceptional collec-
tiond fullODOOOOOODO

Theorem 29 (Category Generating Lemma). HMF? (/)ODOO0O00000 7'0 excep-
tional collection (F4,...,E,)0000000000000000O0O0OO0OOOODODOO

(1) 770 (), e L, 0000000000
(2) 00 EeT'00 Dg/(R)00DDOO0COOO00DDOODDOODOOD
000007 ~HMFY (f/)000000
0000000000000000770 right admissible 10000000000
Lemma 30. X € HMFL/ (f/)0000000000
N—-X—>M-—=TN
OONe7'000 Hom(N,M)=00000000000000 0
0000
HMFL (f)(ED), T'M) =0 TeL; YieZ
Exty (R /m, M) =0 (i # d)
M € CM" (Ry) is Gorenstein
M € CM™ (Ry) is free
M =~ 0 in CM"™ (Ry)
'~HMF/ (f)0000000000

rrua

goooooon

\"
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=

[ ]
1

F1GUure 1. Coxeter-Dynkin O O T'(y1, v2,73)

5. GABRIELOV [J

gbbbuoogobbbuoooobbboooobbbooodgbbbboooobbn
gbbbuoodgbobobboooobbooodn

Definition 31. 00 71,7, 00000000
oy 4 2% —tryz, t e C\{0},
07T, -00000000.
000000 (a,b,c) 00000
A(a,b,c) :=abc — bec — ac — ab

0000A(y, ,7s) >000007T,.,.,-000000000000000000000
0000 A(y,7,7) >000000000000000000000

Ty rps-0 00000 Coxeter-Dynkin 000 T(y1,7,7) 0000000 100000
T(71,72,73) DO A(y,72,75) > 0000000000 Ty, =00 (C3,00000000
0000A(y,7,73) <0000000007T,.,.,,=00C?000000000000
OOMinor 0000000000000000000000000000000000
0000000000000 7=(;)00000 0000 I;=-20200 000
o, 0000000000000 ;=00000

Iz‘j:1<:> o,

.j7 11]2—2/;} .i:::.j

goobooogn
Theorem 32 ([5]). f(z,y,2) 0000000000 Table 30000000000
Y1572,y 0000000

(i) A(m,72,73) < 00000000 C*0000000000000000000
00 f(z,y,2) —2yz0 T, ,,,,-00000000000

-1 y2—1 y3—1
My + 2 —xyz + Z a;x + Z bjyj + Z Cka +¢, a;,bj,cp,c €C
i=1 j=1 k=1
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(i) A(71,72,73) = 00000000 C*0000000000000000000
O f(z,y,2) —teyz000 a€C* 0000 Ty, 000000000

(iii) A(y,72,73) >00000000eC} 000000000000 O0OOOOO0
O f(z,y,2) —xyz0 T -Oooooooog

71,725,773

Type | F@,y.2) | (71,72, 73)
i aPt 4 yP? 4 P8 (p1, 2, p3)
Jii aPt 4 yP2 4 yz% (plap% (5 - 1)p1>
OT [ P 4 2y ¥+ yz (1, 2142, P103)
Ja% P —|—:cy% +yz% <p17(%_1>p17%_%2+1>
vV ey +yPz+ 2% | (e —e+lea—a+1ap—qa+1)

TaBLE 3. f0 0 00O Gabrielov O

O

Definition 33. Theorem 320000000000 (v1,72,73) 0 f0O Gabrielov O OO
Or,00000.

Corollary 34. f(z,y,2) 00000007 = (7,7%,73) D00 GabrielovO 00 0.

(i) ACy) <00D0D00f0 Milnor0000D0 f(z,y,2) =10 Ty pre-0 00000
Milnor00OOOOO00000O.
(i) AT;)>00000000 f(z,y,2)0 T, ,,-00000000000000.

OO0 fO0000¢g0000D00OO00OOg0O Coxeter-DynkinOOODOOOOOOOO
OO0 f0O Coxeter-Dynkin OO OO O UOD0OOO0OOO0OO0OOOOODOOOO

Corollary 35. f(z,y,2) 000000075y = (y1,7%,73) 000 GabrielovO O OO .

(i) A(T'y) <00000 f0O Coxeter-Dynkin 00 0 T'(y1,72,7) 000000000,
f O Coxeter-Dynkin 0 0 0 ADEODOODOO
(ii) A(l'y) =00000 fO Coxeter-Dynkin 00 O T'(y1,72,7;) 000000
(ili) A(T'y) >00000T(y1,72,73) 0 fO Coxeter- Dynkin0 00000000

0000, Corollary 340000 DPFuk™(f) 000 DYFuk™ (T}, ,-,) 0000000

71,72,73

0000000000000 000000000000 Dy(R)000000000D0
0 (cf,[10)00000000000000

6. gooono

ODOoO0DO0o0bOoOO0oobooobobo0oboOo0oooOooDoooDbAmelddOOOODO
O0Ostrange dualityD 000 0000000000000 0ODO0OOOOO0OOOOOODO
gboboogobood

Theorem 36 ([5]). f(z,y,2)00000000000000
(6.1) Ag; =Tp, Ag, =T}
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D0000000000 (f,Gy) 0000 Dolgachevd Ag, O f O Berglund-Hiibsch 0 O
ft0 GabrielovO I'p 000000 (f, Gy) 0000 Dolgachev O Ag,, O fO Gabrielov

or,00o0o0od U
| Type || Ag, = (o, a0,a3) =T'ye | I'y = (1,7%,7) = A,
I (p1,p2; p3) (P1,p2; 3)
1 <p1, i—g’ (p2 — 1)]01) (2%2927 (Z_z - 1)?1)
11 (P1:P192, P1G3) (P1: P12, P1g3)
1V <§,f—j,(p1—1)§—§,p2—p1+l> (pl,(ﬁ—j—l)pl,ﬁ—f—ﬁ—jJrl)
V [(es-—@as+laa—a+lap—@+1) | (e —-—@e+l,aga—@ag+1,ap—qg+1)

TaBLE 4. O UOODODO

OO0D0O0ODO0O0OO0O Conjecture 1000 0OO0OO0OOODOODODOOODO

Theorem 37. f(z,y,2)0000000Lf = (11,7%,73) 000 GabrielovOD OO O . Z?:l(l/%’) >
1go0ooooogad

(6.2) Db(cohIP}YmmS) ~ D’(mod-CA,, -, ;) =~ DFuk ™ (T}, 1, 1s)
0000000000P, ., .. = Ca,, O Dolgachev 0 (y1,72,75) 0000000000

O0A s 0 (71,72,73)-0000 Dynkin0 0 000
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