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ABSTRACT. In a series of works [13, 16, 14, 15, 18, 19], Gei-Leclerc-Schréer defined
the cluster algebra structure on the coordinate ring C[N(w)] of the unipotent subgroup,
associated with a Weyl group element w. And they proved cluster monomials are con-
tained in Lusztig’s dual semicanonical basis S*. We give a set up for the quantization
of their results and propose a conjecture which relates the quantum cluster algebras in
[3] to the dual canonical basis B"P. In particular, we prove that the quantum analogue
O4[N(w)] of C[N(w)] has the induced basis from B"P, which contains quantum flag mi-
nors and satisfies a factorization property with respect to the ‘g-center’ of O,[N(w)].
This generalizes Caldero’s results [4, 5, 6] from finite type to an arbitrary symmetrizable
Kac-Moody Lie algebra.

1. INTRODUCTION

1.1. The canonical basis B and the dual canonical basis B"’. Let g be a sym-
metrizable Kac-Moody Lie algebra, U,(g) its associated quantized enveloping algebra,
and U (g) its negative part. In [24], Lusztig constructed the canonical basis B of U_ (g)
by a geometric method when g is symmetric. In [21], Kashiwara constructed the (lower)
global basis G'°¥(B(00)) by a purely algebraic method. Grojnowski-Lusztig [20] showed
that the two bases coincide when g is symmetric. We call the basis the canonical ba-
sis. There are two remarkable properties of the canonical basis, one is the positivity of
structure constants of multiplication and comultiplication, and another is Kashiwara’s
crystal structure B(oco), which is a combinatorial machinery useful for applications to
representation theory, such as tensor product decomposition.

Since U (g) has a natural pairing which makes it into a (twisted) self-dual bialgebra, we
consider the dual basis B'" of the canonical basis in U (g). We call it the dual canonical
bastis.

1.2. Cluster algebras. Cluster algebras were introduced by Fomin and Zelevinsky [10]
and intensively studied also with Berenstein [11, 1, 12] with an aim of providing a concrete
and combinatorial setting for the study of Lusztig’s (dual) canonical basis and total pos-
itivity. Quantum cluster algebras were also introduced by Berenstein and Zelevinsky [3],
Fock and Goncharov [8, 9, 7] independently. The definition of (quantum) cluster algebra
was motivated by Berenstein and Zelevinsky’s earlier work [2] where combinatorial and
multiplicative structures of the dual canonical basis were studied for g = sl,, (2 <n < 4).
In [1], it was shown that the coordinate ring of the double Bruhat cell contains a cluster
algebra as a subalgebra, which is conjecturally equal to the whole algebra.

The detailed version of this paper [22] will be published from Kyoto Journal of Mathematics.

f9 92—



A cluster algebra A is a subalgebra of rational function field Q(xq,z, -+ ,z,) of r
indeterminates which is equipped with a distinguished set of generators (cluster variables)
which is grouped into overlapping subsets (clusters) consisting of precisely r elements.
Each subset is defined inductively by a sequence of certain combinatorial operation (seed
mutations) from the initial seed. The monomials in the variables of a given single cluster
are called cluster monomials. However, it is not known whether a cluster algebra have a
basis, related to the dual canonical basis, which includes all cluster monomials in general.

1.3. Cluster algebra and the semicanonical basis. In a series of works [13, 16, 14,
15, 18, 19], Geif}, Leclerc and Schréer introduced a cluster algebra structure on the coor-
dinate ring C[N(w)] of the unipotent subgroup associated with a Weyl group element w.
Furthermore they show that the dual semicanonical basis S* is compatible with the inclu-
sion C[N(w)] C U(n);, and contains all cluster monomials. Here the dual semicanonical
basis is the dual basis of the semicanonical basis of U(n), introduced by Lusztig [25, 28],
and “compatible” means that S* N C[N(w)] forms a C-basis of C[N(w)]. It is known
that canonical and semicanonical bases share similar combinatorial properties (crystal
structure), but they are different. Gei}, Leclerc and Schréer conjecture that certain dual
semicanonical basis elements are specialization of the corresponding dual canonical basis
elements. This is called the open orbit conjecture.

Acknowledgement. The author is grateful to Professor Osamu Iyama for giving oppor-
tunity to talk in Okayama University.

2. QUANTUM UNIPOTENT SUBGROUP AND THE DUAL CANONICAL BASIS

2.1. Notations. Let g be a symmetrizable Kac-Moody Lie algebra and g = n, &hdEn_ =
HhEP,ca 9a be its triangular decomposition and its root decomposition. Let W be a Weyl
group which is associated with g. Let AL be the set of positive (resp. negative) roots. For
a Weyl group element w € W, we set A(w) := A, NwA_={a e A, [wla<0} CA,.
For a Weyl group element w, let @ = (11,19, ...,17) be a reduced expression of w. We set
Br = Si, ... Si,_, (v, ) for each 1 < k < £. Then it is known that A(w) = {6 | 1 < k < (}.
Let n(w) be the nilpotent Lie subalgebra which is associated with A(w), that is

n(w) = @ 98-

1<k<t

For i € I, we have Lusztig’s braid symmetry 7; on U,(g), see [26, Chapter 32] for
more details. Tt is known that {7;};c; satisfies braid relations. Hence the composite
T, :=1T;, ---T;,does not depend on a choice of reduced word W = (11,49, ...,1¢) of w. In
this article, we set T; =T} _,.

2.2. Poincaré-Birkhoff-Witt basis. Let g be a symmetrizable Kac-Moody Lie algebra
and U,(g) be the corresponding quantized enveloping algebra. We have a standard gen-
erators {E;}ier U {¢"} U {F;}ies Let U, (g) be the Q(g)-subalgebra which is generated
by {Fi}ier- It is known that U_ (g) is isomophic to the Q(g)-algebra which is defined by
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{F;}icr and g-Serre relations

1—a;

<0

k (1—ai;—k)
(=) FORETY,

k=0

where {a;;} is the generahzed Cartamn matrix which defines g and Fi(k) is the divided
power which is defined by F* := FF¥/[k];. Let U, (9)q be the Q[¢*']-subalgebra which

is generated by {F }161 nezsy- This Q[g=']- algebra is called Lusztig’s Q[¢*!]-form.

We define root vectors associated with a reduced wordw@ = (i1,19,...,10) for a Weyl
group element w € W. See [26, Proposition 40.1.3, Proposition 41.1.4] for more detail.
For a Weyl group elementw € W and a reduced word @ = (i1,19,...,1p) , we define [y
as above. We define the root vectors F(fy) associated with 8 € A(w)

F(ﬂk) = Til . Ekfl(Flk)
It is known that F(8x) € U, (g) for all 1 < k < ¢. We also define its divided power by

F(cBr) =1, .. .ﬂk_l(FZ(k)) For an ¢ tuple of non-negative integers ¢ = (¢y, ca, ..., ¢), we
set

F(c, ﬁ) = F(cfBe) - Flef).
It is known that F(c, @) € U, (9)o-

Theorem 1 (|26, Proposition 40.2.1, Proposition 41.1.3]).

Theorem 2. (1) Then {F(c ﬁ)}cezf forms a Q(q)-basis of a subspace defined to be

U, (w) of U, (g) which does not depend on .
(2) We have F(c, W) € U, (g)q for all c € ZX,,.

We consider the total order on A(w) as follows:

fr < Bo <o < By

We have the following convex properties on {F'(S)}1<k<e.

Theorem 3 ([29, Proposition 3.6], [23, 5.5.2 Proposition]). For j < k, let us write

F(e;B))F(cxBe) — a~ O W F () Fle;B) = Y foF (W

)
c EZZO

fe € Q(q). If for # 0, then c; < ¢; and ¢}, < ¢}, with ngmgk B = ;B + B

By the above formula, it is shown that U, (w) is a Q(q)-algebra which is generated by
{F(Br) hr<n<e-

2.3. PBW basis and crystal basis. Let £(co) be the crystal lattice of U;(g) and
B(o0) be the crystal basis and B the canoncial basis.
The following result is due to Saito and Lusztig.
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Theorem 4 ([30, Theorem 4.1.2], [27, Proposition 8.2]). (1) We have F(c, @) € £(o0)

and
b(c, W) := F(c, W) mod ¢L(c0) € B(c0).
(2) The map Z5, — B(co) which is defined by ¢ — b(c, W) is injective and the image
B(w) does not depend on the choice of W

2.4. Dual canonical basis. Let (, )x be the inner product on U, (g) defined by Kashi-
wara and U_ (g)g be the dual Q[¢*']-lattice of U, (g)g. Let B"be the dual basis of B
with respect to (, )k and this is called dual canonical basis. We set

F'(c, W) :=

Proposition 5. (1) We have F"P(8;) € B"P.
(2) Let U, (w)g be the Q[g™']-span of {F*™(c, ﬁ)}cezzzo. Then U, (w)g is the Q[g*']-

algebra generated by { F™*(Bk) b1<k<e-

Using the above proposition we obtain the following compabitility. This is a quantum
analogue of the Gei}-Leclerc-Schroér’s result.

Theorem 6. Let B™(w) := B NU_ (w)y’. Then B (w) is a Qlg*"]-basis of B"™(w).

2.5. Specialization at ¢ = 1. For the Lusztig form, we have the specilization isomor-
phism C®ge+1)U; (g)g ~ U(n). Dually, we have the C-algebra isomorphism ®"P: C®gq+1]
U, (9)g =~ CIN].

Under the isomorphism C ®qp+11 U, (g)g” =~ C[N], as a corollay of the above theorem,
we obtain the following result for U, (w) which concerns the specialization at ¢ = 1.

Corollary 7. Under the C-algebra isomorphism ®"P, we have
C &g+ Uy (w)g” = CN(w)],

where N(w) is the unipotent subgroup associated with the nilpotent Lie algebra n(w).

3. QUANTUM CLOSED UNIPOTENT SUBGROUP AND DUAL CANONICAL BASIS

For a Weyl group element w € W and a reduced word @ = (i1,...,1), we set

U, = Y QF"™...F".

This is called Demazure-Schubert filtration. It is known that U, is compatible with the
canonical basis B, that is BN U, is a Q[¢*!]-basis of U,. We denote the correponding
subset by B(w,c0). Hence we set

O4[Nu] == Uy (9)/(U,)",

q

where (U,)"* is the annhilator of Uy, with respect to Kashiwara’s bilinear form (, )x-.
Since (U w)l is compatible with B"P, the canonical projection induces the dual canonical
basis on O[N]
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Theorem 8. (1)Let U, (w) — U (g) — Oy[Ny| be the inclusion and the canonical
projectinon. Then the composite is monomorphism of algebra.

(2) We have B(w) C B(w, c0).

4. QUANTUM FLAG MINOR AND ITS MULTIPLICATIVE PROPRERTIES

For a dominant integral weight A € P, let V' (\) be the corresponding integrable highest
weight module with highest weight vector uy. We have symmetric bilinear form (, ) on
V(A). Let my: U (g) — V(A) be the projection defined by = +— zuy. Let jy be dual of
Ty, that is jy: V(A) <= U_(g). For a Weyl group element w € W, we have the extremal
vector u,, of weight A. It is known that u,,) is contained in the canoical basis and the
dual canoncial basis. We set quantum unipotent minro D, yby

Dw,\,A = j)\(uw)\)-

It is known that D, € B"P. The following is main result in our study.

Theorem 9. (1) Forw € W and A € Py, we have Dy x € U (w).
(2) For arbitrary b € B(w), there exists N € Z such that ¢¥NG"(b)Dyxx € B (w),
there G"P(b) is the dual canonical basis element which is associated with b € B(w).

Using the above theorem, we obtain the following quantum seed.
For a Weyl group element w, a reduced word @ = (i1, 4y, . ..,i¢) and ¢ = (c1,...,¢) €
75, we set

@ o
D*(c) == H Dy, si\ exwiy sexws, -

1<k<t
Then {Dl_‘;(c)}cezz> , forms a mutually commmuting familty and {Dm(c)}cezg , is linear

independent over Z[éil]. {DW(C)}ceZe> , can be considered as a quantum analogue of the

initial seed in [18] and we can form the corresponding quantum cluster algebra by it. Our
conjecture is an Q[¢*!]-algebra isomorphism between the quantum cluster algebra and
the quantum unipotent subgroup O,[N(w)] and the set of quantum cluster monomials is
contained by the dual canonical basis B"?(w). This is just a quantum analogue of [18§]
and this is compatible with their open orbit conjecture for symmetric g. Recently the
Q(g)-algebra isomorphism is obtained by [17].
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