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ABSTRACT. This paper is based on our lecture giving at the ‘43rd Symposium on Ring
Theory and Representation Theory’ held at Naruto University of Education in September
2010. In this paper, we consider the stable dimension of selfinjective algebra, which is the
dimension of its stable module category in the sense of Rouquier. We give a proof that a
non-semisimple selfinjective algebra A is representation-finite if the stable dimension of
A is zero. Moreover, we verify that selfinjective algebras obtained from some hereditary
algebra have stable dimension at most one.
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1. NOTATION

Throughout this article, k£ denotes an algebraically closed field, and all algebras are
finite-dimensional associative k-algebras with an identity, unless otherwise stated.

For any k-algebra A, we denote by mod A the abelian category of finite-dimensional
(over k) left A-modules and by I'(A) the Auslander-Reiten quiver of A. We may identify
the vertices of I'(A) with the indecomposable A-modules. Then we have the Auslander-
Reiten translation 74 = DTr and 7' = Tr D, where D : mod A — mod A° is the
standard duality Homy(-, k). Moreover, we denote by D°(mod A) the bounded derived
category of A, by gl.dim A the global dimension of A, by T(A) the trivial extension of A
and by A the repetitive category of A.

For any selfinjective k-algebra A, we denote by modA the stable module category of A.
Let Q = Q4 : modA — modA be a syzygy functor. Note that if X is indecomposable,
then (X) remains indecomposable. And moreover, ) is an equivalence and modA is
a triangulated category with shift functor £~ ! (see Happel [14]). Similarly, the stable
module category modA of a repetitive category A can be defined and then is a triangulated
category.

Furthermore, we denote by ,['(A) the stable Auslander-Reiten quiver of A, which is
obtained from T'(A) by removing the projective-injective vertices and the arrows attached
to them. Then the set (I'(A)y of vertices of ;I'(A) coincides with the set of isoclasses
of non-projective indecomposable A-modules. It is well-known that we can recover I'(A)
from I'(A). Note that the Auslander-Reiten translation 74 is an automorphism of the
quiver ,['(A) with an inverse 7;' and that 74 & Q%v = v0? since Qv = 1), where
v = DHomy(-, A) is the Nakayama functor.

The detailed version of this paper has been submitted for publication elsewhere.
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2. PRELIMINARIES
First, we define the dimension of triangulated category in the sense of Rouquier.

Definition 1 (Rouquier [21]). Let 7 be a triangulated category with shift functor [1].
Then the dimension of 7 is defined to be

dim7 := min{n >0| (M),41 =7 for some M € T}
or oo when there is no such an object M, where (M), 11 is defined inductively:
forn=0, (M), :=add{M]Ji] | i€ Z}, and

ifn>0, (M), :=add{M,;; | there is a triangle : M,, — M, 1 — M; — M,[1],
where M, € (M), and M; € (M),}.

Let F be another triangulated category, and let F' : 7 — F be a triangle functor. Then
we mention some fundamental remarks.

Remark 2.

(a) If a functor F' is dense, then dim 7 > dim F.
(b) If a functor F'is an equivalence, then dim7 = dim F.

Second, we define the stable dimension of selfinjective algebra.

Let A be a non-semisimple selfinjective algebra (over a field). Recall that the stable
module category modA of A is a triangulated category. Thus we can define the stable
dimension of A.

Definition 3. The stable dimension of A is defined to be
stab.dim A := dim(modA) (in the sense of Definition 1).

Recall also that modA and D°(mod A)/ per A are equivalent as triangulated categories
(see Rickard [19]), where per A is the épaisse subcategory of D°(mod A) consisting of
perfect complexes. Then by Remark 2, we have the fundamental properties for the stable
dimension.

Remark 4.

(a) If there exists a dense functor F' : 7 — modA, where 7 is a suitable triangu-
lated category: e.g., T = D’(mod A) and modA, then dim7 > stab.dim A (see
Subsection 4.1).

(b) Let B be another selfinjective algebra. If modA and modB are equivalent as
triangulated categories, then stab.dim A = stab.dim B; For instance, A and B
are derived equivalent, then stab.dim A = stab.dim B.

Rouquier introduced a notion of dimension of a triangulated category in [21]. One of
his aims was to give a lower bound for Auslander’s representation dimension of selfinjec-
tive algebras (see Proposition 6), and then he gave the first example of algebras having
representation dimension at least four (see Theorem 23).

Definition 5 (Auslander [3]). The representation dimension of a non-semisimple artin
algebra A is defined to be

rep.dim A := min{gl. dim End (M) | M is a generator and a cogenerator in mod A}.
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For semisimple artin algebra, the dimension is defined to be one.
In [20], Rouquier showed the following result.

Proposition 6 (Rouquier [20] cf. Auslander [3]). Let A be a non-semisimple selfinjective
algebra (over a field). Then

LL(A) > rep.dim A > stab.dim A + 2,
where the Loewy length LL(A) is the smallest integer r such that rad(A)" = 0.

After Auslander proved in [3] (see Proposition p.55) that LL(A) + 1 > rep.dim A,
Rouquier has improved it by indicating that the equality does not occur, and hence the
first inequality in Proposition 6.

Remark 7. The stable dimension is always finite by the first inequality in Proposition 6.
Recall also that for any artin algebra, the representation dimension is always finite (see
Iyama [15]).

Auslander introduced the representation dimension in [3], and hoped that the represen-
tation dimension should be a good measure of how far a representation-infinite algebra is
from being representation-finite. Actually, he showed the following result.

Theorem 8 (Auslander [3]). For any artin algebra A, A is representation-finite if and
only if rep.dim A < 2.

Thus by Proposition 6 and Theorem 8, we observe that any (non-semisimple) representation-
finite selfinjective algebra (over a field) has stable dimension zero, which also follows from
definition immediately. Then we have a natural question whether the converse should
also hold.

3. ON SELFINJECTIVE ALGEBRAS OF STABLE DIMENSION ZERO

3.1. Main results. In this subsection, we assume that A is a non-semisimple selfinjective
algebra over an algebraically closed field k, unless otherwise stated.

Our main result is to prove that if A has stable dimension zero, then A is representation-
finite. Namely, we verify that the converse of the observation above indeed holds provided
that the base field is algebraically closed. Although this was expected to hold by some
experts, it had not been proved before.

Our main theorem is the following.

Theorem 9 (Yoshiwaki [24]). Let A be a non-semisimple selfinjective finite-dimensional
connected algebra over an algebraically closed field k. If the set ;I'(A)y of isoclasses of
non-projective indecomposable A-modules admits only finitely many Q-orbits, then A is
representation-finite.

To prove this theorem, we need two critical results. The first result is a characterization
of representation-finite algebras over an algebraically closed field due to Liu.

Proposition 10 (Liu [17] 3.11 Proposition p.52). Let A be a finite-dimensional algebra
over an algebraically closed field. Then A is representation-finite if and only if T'(A)
admits only finitely many 7a-orbits.
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This follows from the 2nd Brauer-Thrall conjecture. So, we require the assumption in
Theorem 9 that the base field £ is algebraically closed.
Second, we need the following well-known result due to Auslander.

Theorem 11 (Auslander [5]). Let A be a finite-dimensional connected algebra (over a
field), and let C be a connected component of I'(A). If the length of the modules in C is
bounded, then A is representation-finite and C = I'(A).

So, we require the assumption in Theorem 9 that A is connected. As a consequence
of Theorem 11, the 1st Brauer-Thrall conjecture follows. Namely, it may be to say that
Theorem 9 follows from the two Brauer-Thrall conjectures.

Suppose that stab.dim A = 0. Then by definition we have

modA = add{Q'M | i € Z}
for some M € modA. Hence it is easy to see the following lemma.

Lemma 12. The following are equivalent:

(1) stab.dim A = 0,
(2) sI'(A)o admits only finitely many Q-orbits.

Thus we obtain the desired result by Theorem 9.
Corollary 13. Ifstab.dim A = 0, then A is representation-finite.

Proof. Suppose that stab.dim A = 0. Then by Lemma 12, ;I'(A)y admits only finitely
many §2-orbits, and hence A is representation-finite by Theorem 9. O

Moreover, we have the following result by Proposition 6, Theorem 8 and Corollary 13.
Corollary 14. Ifrep.dim A = 3, then stab.dim A = 1.

Proof. If rep.dim A = 3, then stab.dim A < 1 and A is not representation-finite by
Proposition 6 and Theorem 8. Then by Corollary 13, stab.dim A = 1. 0

In the last of this subsection, we give an example of selfinjective algebra having stable
dimension zero.

Example 15. Let A = kQ/I, where @ is the quiver
2

a2 “\@
0
9\
Z\
1 3
and the ideal [ is generated by

a181 — asfe, asfy — asfBs, frai, Paar, Biaa, Bsan, Bros, Bo.
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Then A is a selfinjective algebra of type Dy4. Indeed, let z be the quiver
1

N

and let B =k ZA be the path algebra of Z Clearly, B is a tilted algebra of type ;. Then
we have B = kA/I, where A is the quiver

w

)

OSO=—NN

(1,1) (1,2) (1,3)
\ /
(1,0)

Bo.1 o Bo.3
(0,1) (0,2) (0,3)
B-1.1 5 1 B-1.3 /
(L1 (L) <—1é>
\(170 /
/ \

and the ideal T is generated by
Oém,zﬂm,z‘ - Oém,j@m,j; ﬂm—uam,ja

withm € Z, 4,5 € {1,2,3}, ¢ # j. Let v be the Nakayama automorphism of B, and let p
be the automorphism of B given by the permutation {((m,1), (m,3))}. Then we obtain
A = B/(pvy), and thus the stable Auslander-Reiten quiver ;['(A) of A is of the form:

NSNS N
NSNS NSNS
M O2M vM =Q5M

Let {M, N, L} be a complete set of representatives of 74-orbits in ;I'(A), and put X =
M @ N & L. Then modA = add{Q'X | i € Z} because the T4-orbits and the Q-orbits in
sI'(A)p coincide, and hence we have stab.dim A = 0.
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3.2. An application. We now define the derived dimension of finite-dimensional algebra.

Definition 16. Let A be a finite-dimensional k-algebra. Then the derived dimension of
A is defined to be

der.dimA := dim(D’(modA)) (in the sense of Definition 1).
For the derived dimension, it is known that it has the following property.

Proposition 17 (Rouquier [20], Krause-Kussin [16], Oppermann [18]). Let A be a finite-
dimensional k-algebra. Then

der.dim A <inf(gl.dim A, rep.dimA).

Remark 18. The derived dimension is always finite because the representation dimension
is always finite (see Iyama [15]; also see Remark 7).

Furthermore, we introduce the iterated tilted algebra.

Definition 19. Let ) be a finite connected acyclic quiver, and let k(@) be the path algebra
of Q. Then A is an iterated tilted algebra of type @ if there exists a triangle equivalence
between D?(mod A) and D°(mod kQ). If Q is a Dynkin quiver, A is called an iterated

tilted algebra of Dynkin type.

There is the original definition of iterated tilted algebra (for instance, see Happel [14]
Chapter IV 4.4 p.173). We, however, use Definition 19 for simplicity since Happel has
shown that it is equivalent to the original definition (see Happel [14] Chapter IV 5.4
Theorem p.176).

As an application of our result above (see Corollary 13), we obtain the following result.

Theorem 20 (Chen-Ye-Zhang [8], Yoshiwaki [24]). For any finite-dimensional k-algebra
A, the following are equivalent:

(1) der.dim A =0,

(2) stab.dimT(A) =0,

(3) T(A) is representation-finite,

(4) A is an iterated tilted algebra of Dynkin type.

Sketch of Proof. Chen-Ye-Zhang have actually shown the implication from (1) to (2). It
is easy to see that any iterated tilted algebra of Dynkin type has derived dimension
zero. Therefore, since Corollary 13 means that the implication from (2) to (3) holds, the
assertion follows from Assem-Happel-Roldan’s result in [1] (also see Happel [14] Chapter
V 2.1 Theorem p.199) that (3) is equivalent to (4). O

4. SOME SELFINJECTIVE ALGEBRAS HAVE STABLE DIMENSION ONE

4.1. A calculation for the stable dimension. The proof of Theorem 20 gives us an
idea for calculation of the stable dimension. In this subsection, we assume that A is an
iterated tilted algebra of some finite connected acyclic quiver ). Then we have the fol-
lowing facts due to Happel.

Facts (Happel [14]).
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(a) There exists a triangle equivalence between modA and D(mod A) since A has
finite global dimension (see [14] Chapter II 4.9 Theorem p.88).
(b) A is locally support-finite (see [14] Chapter V 3.1 Lemma p.201).
(i.e., forallz € A, #{y € A | y € supp M with M(z) # 0, M € ind A} < c0.)
Here, we need the critical result due to Dowbor-Skowronski (see [10] 2.5 Proposition
p.319; also see [9] Lemma 2 p. 524).

Theorem 21 (Dowbor-Skowroniski). Let Fy : mod A — mod A/G be the push-down func-

tor, where G is an admissible torsion-free group of k-linear automorphisms of A. If A is
locally support-finite, then F) is dense.

The push-down functor preserves the projective modules and the injective modules (see
Bongartz-Gabriel [7] 3.2 Proposition p.344), so that the induced functor Fy : modA —
modA /G is well-defined. Then we have the following commutative diagram

modA = D(mod A) .

push—downi B
P2

modA /G

Since we have the dense functor from D’(mod A) to modA /G, we obtain
1>der.dimA > stab.dimf\/G

by Remark 4 and Proposition 17.
We call such an algebra A/G a selfinjective algebra of type ). Thus we have the
following result by the argument above.

Proposition 22. Any selfinjective algebra of type Q has stable dimension at most one.

4.2. Conjectures. It has been conjectured, or asked by many experts, whether the fol-
lowing holds.

Conjecture 1. Any artin algebra of tame representation type has representation di-
mension at most three.

This is true for some classes of tame algebras, such as special biserial algebras (see
Erdmann-Holm-Iyama-Schréer [11]) and domestic selfinjective algebras socle equivalent
to a weakly symmetric algebra of Euclidean type (see Bocian-Holm-Skowroniski [6]). Note
that the latter algebras have stable dimension at most one by Proposition 6.

Also, any hereditary algebra has representation dimension at most three (see Auslander
[3] Proposition p.58). Namely, any wild hereditary algebra must have representation
dimension at most three. Hence the converse does not hold in general.

By Corollary 14, we pose a new conjecture for the stable dimension.

Conjecture 2. Any (non-semisimple) selfinjective k-algebra of tame representation type
has stable dimension at most one.
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By Proposition 22, any selfinjective algebra of Euclidean type has stable dimension at
most one. According to Skowroniski [22], a selfinjective algebra is of Euclidean type if
and only if it is standard domestic of infinite type. Therefore, any domestic selfinjective
standard algebra of infinite type has stable dimension at most one. Namely, we obtain a
partial result for Conjecture 2.

Even if ) is a wild quiver, then any selfinjective algebra of type () has stable dimension
at most one. Thus the converse does not hold in general, similar to Conjecture 1.

A basic connected algebra A is standard (see [23]) if there exists a Galois covering
R — R/G = A (see [12]) such that R is a simply connected locally bounded category (see
[2]) and G is an admissible torsion-free group of k-linear automorphism of R. Thus it will
be possible to calculate the stable dimension of selfinjective standard algebra in the same
way as subsection 4.1, so that we pose a new conjecture.

Conjecture 3. Any (non-semisimple) selfinjective standard k-algebra of tame repre-
sentation type has stable dimension at most one.

This is a weak version of Conjecture 2.

5. A QUESTION

In [20], Rouquier gave the first example of algebras having representation dimension at
least four. Namely, he showed the following.

Theorem 23 (Rouquier). Let A = A(k™) be an exterior algebra. Then rep.dim =
n+1, der.dim A =n and stab.dim A =n — 1.

Moreover, Han showed the following result in [13].

Theorem 24 (Han). Any representation-finite artin algebra has derived dimension at
most one.

Since any non-semisimple selfinjective algebra is not derived equivalent to a heredi-
tary algebra, any (non-semisimple) representation-finite selfinjective algebra has derived
dimension one by Theorem 20. So, by Theorem 8, we obtain the following result.

Theorem 25. If a non-semisimple selfinjective k-algebra A is representation-finite, then
rep.dim A =2, der.dim A =1 and stab.dim A = 0.

Thus we have the following natural question.
Question. What about rep.dim A — der.dim A and der.dim A — stab.dim A ?

Theorems 23 and 25 suggest that the difference in the question above may be at least
one.
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