HIGH ORDER CENTERS AND LEFT DIFFERENTIAL OPERATORS
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ABSTRACT. We give a new frame for derivations and high order left differential operators
of algebras. This frame is based on high order centers of bimodules. We show the relation
between separable algebras and high order centers.
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1. INTRODUCTION

Hattori [1] and Sweedler [10] generalized the notion of high order differential operators
of commutative algebras to the notion of high order left differential operators of noncom-
mutative algebras. The author generalized them from algebras to noncommutative ring
extensions and studied them in [2], [3], [4], and [5]. Recently in [6] and [7], he gave a new
view point under which derivations and left differential operators are treated in the same
frame. This new frame is based on high order centers of bimodules. He also studied the
relation between separable algebras and high order centers. The purpose of this note is
to introduce the results of [6] and [7].

Throughout this note, all rings have identity 1, all ring homomorphisms preserve 1, all
modules are unitary, and k represents a commutative ring and N the set of nonnegative
integers. For a k-algebra A, we denote by 9 (A) the category of bimodules over a k-
algebra A. An object of My (A) is an A-bimodule M such that au = ua for all & € k and
ue M.

2. HIGH ORDER CENTERS (SIMPLE VERSION)

In this section we introduce the notion of high order centers for algebras.

Definition 1. Let A be a k-algebra and let M € 9 (A). For u € M and a € A, we set
[u,a] = ua — au. For U C M, we set [U,A] = {[u,a] | u € U, a € A}. Furthermore, we
set [U, Alop = U and [U, Al,;4+1 = [[U, 4], 4] (¢ € N). If U is a singleton {u}, we use the
notations [u, A] and [u, A], instead of [U, A] and [U, A],, respectively. For ¢ € N, we set
Ci(M) = {u eM ‘ [u, Ay = 0}7

which is called the qth order center of M.

If ¢ : M — N is a morphism of 9, (A), then it is easy to see that ¢(C%(M)) C C4(N).
Hence CY%(—) gives a functor from 9 (A) to the category of k-modules. We shall show
that the functor CY is representable.

The detailed version of this paper will be submitted for publication elsewhere.
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Definition 2. For a k-algebra A and q € N, we set
Ji=(A®sA)/JAl®1, A],A and ji=1®1+A[l®1, A],Ac J;.
Theorem 3. Let A be a k-algebra and ¢ € N. Then we have a natural isomorphism
Homay, () (T4, M) 3 ¢ = ©(j}) € C4(M)
for M € M, (A).
For any k-algebra A, we have a sequence of surjective A-bimodule homomorphisms
A=TJy« Ji« Th e Jle v ARy A
Therefore J3 is closely related to the separability of A. An k-algebra A is said to be
separable if A[1 ® 1, AJA is a direct summand of A ®; A as A-bimodule. According to
9], A is said to be purely inseparable if A[1 ® 1, AJA is a small submodule of A ®; A as
A-bimodule. The next theorem is known.
Theorem 4. Let A be a k-algebra. Then the following hold.

(1) ([10, Theorem 1.21] and [4, Theorem 2.4]) If A is separable, then Ji = A for all
q > 0.
(2) ([10, Theorem 2.1)) If Ji = A®y A for some q € N, then A is purely inseparable.

Combining Theorems 3 and 4, we get the next

Corollary 5. Let A be a k-algebra. Then the following hold.
(1) If A is separable, then C4 (M) = CL(M) for all M € My (A) and for all ¢ > 1.
(2) If there exists ¢ € N such that C4(M) = M for all M € M(A), then A is purely
iseparable.

Remark 6. In case that A is a finite dimensional algebra over a field k, Sweedler [10,
Theorem 2.1] showed that A is purely inseparable if and only if Ji = A ®; A for some
q € N.

3. HIGH ORDER LEFT DIFFERENTIAL OPERATORS (OLD VERSION)

In this section, we introduce the results of Sweedler [10].

Definition 7 ([10]). Let A be a k-algebra, and let M and N be left A-modules. As usual,
Homy (M, N) belongs to 9 (A) by the multiplications

(afb)(u) =af(bu) (f € Homg(M,N), a, be A, ue M).
We set
D4 (M, N) = C%™ (Hom, (M, N)) and
LDer{ (A, M) = {d € D4 (A, M) | d(1) = 0}.

An element of D% (M, N) is called a qth order left differential operator, and an element of
LDer} (A, M) is called a qth order left derivation.

Remark 8. For a left A-module M and d € Homy(A, M), d € LDery (A, M) if and only if
d(zy) = xd(y) + yd(z) for all z, y € A. In commutative ring theory, d is regarded as a
derivation, i.e., d(zy) = zd(y) + d(x)y for all z, y € A.
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Example 9. Set A = a, b, ¢, d €k . Then the mapping

O O
o o
QU O

a
a b c 0 b d
0 a d|l—110 00
0 0 a 000

belongs to LDer; (A, A). We can see that J; = A ®; A. Hence we have D4 (M, N) =
Homy (M, N) for all left A-modules M and N, and A is a purely inseparable algebra.

Definition 10. In jj{“, we set K% = A[jffl, AJA, which is called the qth Kdhler module,
and define d% € LDer? (A, K%) by d(z) = [§%, «].
The next theorem corresponds to Theorems 1.17, 1.18 and 5.12 of [10].

Theorem 11. Let A be a k-algebra and ¢ € N\ {0}. Then we have the following natural
isomorphisms for left A-modules M and N.

Hom,(J9 @4 M, N) 3 ¢ — o(j4" @ —) € DY(M, N)
Hom (K%, M) 3 ¢ — @d € LDeri (A, M)
Sweedler used C% only to define differential operators, and did not investigate the

functor C%. And so he did not know that J3 also represents C4.

4. HIGH ORDER CENTERS (GENERAL VERSION)

We shall generalize the notion of high order centers defined in §2.

Definition 12. We denote by Alg the category of k-algebras and by Alg" the product
of n copies of Alg. For any A = (Ay,...,A,) € Alg", weset A = A} ®; -+ @ A,. For
any morphism a = (aq,...,a,) : A — Bin Alg", weset a=a; ®--- @, : A — B.

Let A be a k-algebra, and let M, N € 9 (A). Then Homy (M, N) has two A-bimodule
structures.

(afb)(u) = af(bu)

(ax fxb)(u) = f(ua)b
We set [f,a] = fa —af and [f,a]* = f+xa —ax* f. As was mentioned in the previous
section, d € Homy(A, M) is a left derivation if and only if [[d, A], A] = 0 and d(1) = 0.
Furthermore we can see that d € Homy (A, M) is a derivation if and only if [[d, A], A]* =0
and d(1) = 0. This situation leads the next

Definition 13. Let a : A — B be a morphism of Alg"” and q = (¢1,...,¢,) € N".
Suppose that B = (By, ..., B,). For M € M, (B) and u € M, we set

[uv B]q = [ o H’U,, Bl]thv BQ]QW T Bn]qn'
We note that [[U, B;], B;] = [[U, Bj], B;] for any U C M. We set

CI(M) = {u € M| [u,Blq=[u,A] =0},
which is called the center of M of type q.

(f € Homg(M,N), a, be A, u e M)
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If o : M — N is a morphism of M (B), then it is easy to see that ¢ (C3(M)) C CI(N).

)
Hence C3(—) gives a functor from Sﬁk(ﬁ) to the category of k-modules. We shall show
that the functor C3 is representable.

Definition 14. For a morphism o : A — B of Alg" and q € N, we set
Ji=B®;B)/B[1®1,B]B and j9=1®1+B[l®1, B],B e Jd

Theorem 15. Let o : A — B be a morphism of Alg™ and q € N". Then we have a
natural isomorphism

Hommk(ﬁ)(j;‘, M) 3 ¢ ¢(jq) € CH(M)

~

for M € M(B).

5. HIGH ORDER LEFT DIFFERENTIAL OPERATORS (GENERAL VERSION)

Using new high order centers, we can define new high order differential operators.

Definition 16. Let o : A — B be a morphism in Alg"™ and q € N”. For M, N € ﬂﬁk(ﬁ),
we set

DI(M, N) = C4(Homy,(M, N)) and
LDerd(B, M) = {d € DB, M) | d(1) = 0}.

An element of DA(M, N) is called a left differential operators of type q, and an element
of LDerd(B, M) is called a left derivation of type q.

Example 17. Let A = (k, k), B = (R, R°), a = (p, p), @ = (1, 1), where R° is the
opposite algebra of R and p : k — R is the structure morphism of k-algebra R. Then, for
any M € My (R), the set {d € DR, M) | d(1) = 0} coincides with the set of derivations
of R to M.

Definition 18. In J9, we set K9 = B[j%, B|B, and define d2 € LDerd(B, K%) by
a3(z) = [j3, al.

Lemma 19. Let o : A — B be a morphism in Alg" and q € N". Then the following
hold.

(1) DB, M) = Homg (B, M) & LDerd(B, M).

(2) J2=Bji®Ke=jIB®KI and {r e B|2jed =0} ={zx € B| iz =0} =0.
Theorem 20. Let o : A — B be a morphism in Alg™ and q € N"\ {(0,...,0)}. Then
we have following natural isomorphisms for left B-modules M and N.

Homg (J3 ®g M, N) 3 ¢ — ¢(jd ® =) € DI(M,N)
Homg (K2, M) 3 ¢ — d? € LDerg(ﬁ, M)
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6. FUNDAMENTAL PROPERTIES OF J2 AND K2

Theorem 21. Let_ ASBLCobe morphisms in Alg" and q € N* \ {(0,...,0)}. Then
Js =~ jﬁa/C[jﬁ : ]C and Kg ~ K3 /qu B(B)C as C-bimodules.

Corollary 22. Let A 5 B 5. be morphisms in Alg™ and q € N\ {(0,...,0)}. Then
there exist exact sequences of C-bimodules
6®]§1Cg®]§6—>j§a—>j;—>0 and 6®]§7Cg®]§6—>nga—>/Cg—>O.

~

Theorem 23. Let A % B 2 C be morphisms in Alg" sz/b\ch that B\ B > Cisa
surjective mapping, and let q € N"\ {(0,...,0)}. Set I = Ker 8. Then the following hold.
(1) Tgh = T3/ (173 + J3) = C 0 T @5 C
(2) nga ~ C4/Bi4(1)B
(3) There exists an exact sequence of C-bimodules: I/I* — CozKi®5C — ICga — 0.

Theorem 24. Let A % B 2 C be morphisms in Alg" such that E :B — C is a sur-
jective mapping. Suppose that B = (By,...,B,), a = (aq,..., ), and B = (B1,...,0n).
Set B, = Im «; + Ker 3; and denote by v; : B, — B; the inclusion mapping (i =1, ..., n).
Setv=(u1,...,tn): (By,...,By) — B. Then Kj, ~ K3.

7. SEPARABILITY

We shall generalize the separability of algebras to the separability of morphisms in
Alg".

Definition 25. Let a: A — B be a morphism of Alg". For M € mk(ﬁ), we set

Co(M) = Z{u € M | [u, B = [u,A] = 0}.

a is called q-quasi-separable if j3 € Co(JQ). « is called left q-differentially separable if

DI(M,N) C Z Homp, (M, N) N Homg (M, N) (= Co(Homy (M, N)))

i=1
for all left B-modules M and N.

Lemma 26. Let o : A — B be a morphism of Alg™ and q € N*. Then the following
hold.

(1) « is q-quasi-separable if and only if CA(M) C Co(M) for all M € 9, (B).
(2) If a is q-quasi-separable, then « is left q-differentially-separable.
Theorem 27. Let A = (k, k), B = (R, R°), and o = (p, p), where R° is the opposite

algebra of R and p : k — R is the structure morphism of k-algebra R. Then the following
are equivalent:

(1) R is a separable algebra.
(2) « is (1,1)-quasi-separable.
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(3) « is q-quasi-separable for all q € N\ {(0,0)}.
(4) « is left (1,1)-differentially-separable.
(5) « is left q-differentially-separable for all q € N\ {(0,0)}.

Let p : R — S be a ring homomorphism. According to [8], p is said to be separable if
S[1®1,5]S is a direct summand of S®g .S as S-bimodule. Usually, S is called a separable

extension of R.

Theorem 28. Let o = (v, ..., a,) : A — B be a morphism in Alg". Suppose that all
a; are separable. Then the following hold:

(1) ais (1,...,1)-quasi-separable.
(2) If[1®1, [B;,A]] =0in B;®a, B; (i=1, ..., n), then « is q-quasi-separable for
allq € N*\ {(0,...,0)}.
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