REFLECTION FOR SELFINJECTIVE ALGEBRAS

HIROKI ABE

ABSTRACT. We introduce the notion of reflections for selfinjective algebras and deter-
mine the transformations of Brauer trees associated with reflections. In particular, we
provide a way to transform every Brauer tree into a Brauer line.

Reflection functors introduced in [4] are induced by transformations of the quiver mak-
ing a certain sink vertex changed into a source vertex. Let A be a finite dimensional
algebra over a field K. In [3], it was shown that reflection functors are of the form
Homy (T, —) with T" a certain type of tilting modules. Let Py, --- | P, be a complete set of
nonisomorphic indecomposable projective modules in mod-A, the category of finitely gen-
erated right A-modules. Set I = {1,--- ,n}. Assume that there exists a simple projective
module S € mod-A which is not injective. Take ¢ € I with P, &2 S and set

T=Ter 'S with T'= P P,
iel\{t}
where 7 denotes the Auslander-Reiten translation. Then 7T is a tilting module, called an
APR-tilting module, and Hom, (7', —) is a reflection functor.

In [5], APR-tilting modules were generalized as follows. Assume that there exists a
simple module S € mod-A with Ext}(S,S) = 0 and Homy (DA, S) = 0, where D =
Hompg(—, K). Let P, be the projective cover of S and let T" be the same as above.
Then T is a tilting module, called a BB-tilting module. We are interested in a minimal
projective presentation of T', which is a two-term tilting complex. Take a minimal injective

presentation 0 — S — EY L, B and define a complex E*® as the mapping cone of
f : E° — E'. Then Hom} (DA, E*) is a minimal projective presentation of 7715 and
hence

T* =T, & Homj} (DA, E*®)
is a minimal projective presentation of 7. In this note, we demonstrate that this type
of tilting complexes play an important role in the theory of derived equivalences for
selfinjective algebras.

Let K be a commutative artinian local ring and A an Artin K-algebra, i.e., A is a ring
endowed with a ring homomorphism K — A whose image is contained in the center of A
and A is finitely generated as a K-module. We always assume that A is connected, basic
and not simple. We denote by mod-A the category of finitely generated right A-modules
and by P, the full subcategory of mod-A consisting of projective modules. For a module
M € mod-A, we denote by P(M) (resp., E(M)) the projective cover (resp., injective
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envelope) of M. We denote by X(mod-A) the homotopy category of cochain complexes
over mod-A and by KP(P,) the full triangulated subcategory of K(mod-A) consisting of
bounded complexes over P,. We consider modules as complexes concentrated in degree
Zero.

Throughout the rest of this note, we assume that A is selfinjective. Let S € mod-A
be a simple module with Ext}(S,S) = 0 and E(S) = P(S). Note that E(S) = P(S) if
and only if Homy (DA, S) = S, where D denotes the Matlis dual over K. Take a minimal

injective presentation 0 — S — E° L, B! and define a complex E* € KP(P,) as the
mapping cone of f: E® — E'. Note that E' is the Oth term of E* and E° is the (—1)th
term of E°®. Let P;,---, P, be a complete set of nonisomorphic indecomposable modules
in Py and set I = {1,--- ,n}. We assume that n > 1. Take ¢t € I with P, = P(S) and set

T*=T,®E* with T, = @ P,
iel\{t}

The following holds.

Theorem 1. The complex T* is a tilting complex for A and Endymoda-a)(1®) is a selfin-
jective Artin K -algebra whose Nakayama permutation coincides with that of A.

Definition 2. The derived equivalence induced by the tilting complex T is said to be
the reflection for A at t. Sometimes, we also say that Endy(mod-a) (T*) is the reflection of
A at t.

We will apply Theorem 1 to Brauer tree algebras and determine the transformations of
Brauer tree algebras induced by reflections. We assume that K is an algebraically closed
field. Recall that a Brauer tree (B, v, m) consists of a finite tree B, called the underlying
tree, together with a distinguished vertex v, called the exceptional vertex and a positive
integer m, called the multiplicity. In case m = 1, (B, v, m) is identified with the underlying
tree B and is called a Brauer tree without exceptional vertex. The pair of the number of
edges of B and the multiplicity m is said to be the numerical invariants of (B, v, m). Each
Brauer tree determines a symmetric K-algebra A up to Morita equivalence (see [2] for
details), called a Brauer tree algebra, which is given as the path algebra defined by some
quiver with relations (Ao, A1, p), where Ay is the set of vertices, A; is the set of arrows
between vertices and p is the set of relations (see [6] for details). We have the following.

Remark 3. Let A be a Brauer tree algebra.

(1) Every ring I' derived equivalent to A is a Brauer tree algebra having the same
numerical invariants as A ([7, Theorem 4.2]).

(2) For any simple module S € mod-A we have E(S) = P(S).

Throughout the rest of this note, we deal only with Brauer trees without exceptional
vertex. Let A be a Brauer tree algebra, (Ag, A1, p) the quiver with relations of A and



t € Ag. We consider the following cycles in (Ag, Aq, p):

with p,q,r,s > 0, where a,; = a, and b,; = b, in case p,7 > 1. We denote by S, the
simple module corresponding to ¢t and by P, the projective cover of S;.

Lemma 4. The following hold.
(1) We have a minimal injective presentation

O—>St—>Pti>Pap€9PbT withf:(ff’a).
tb

(2) For any t € Ao, we have Ext) (S;, S;) =0

Take a minimal injective presentation 0 — S; — E? EN E}! and define a complex E? as
the mapping cone of f : EY — E!. Set

T'=TioE with Ti=  P.
i€Ao\{t}
Then T} is a tilting complex and Endx(mod-a)(7}) is the reflection of A at ¢. Set I' =
Endgc(mod-a)(7y) and let (I'g,I'1,0) be the quiver with relations of I'. Note that I'y =
(Ao \ {t}) U {t'}, where ¢’ is the vertex corresponding to Ef. Since I' is a Brauer tree
algebra, the relations o is determined automatically by I'y and I'y. To determine I'y, we
need the next lemma.

Lemma 5. The following hold.
(1) There ezist (,, € Homyc(moan)(Pu,, Ef) with ¢, € rad(') \ rad*(T)and ¢, €
Homgc(moa-n) (P, Ef) with ¢, € rad() \ rad®(T).
(2) There exist 1,,, € Homamoan)(Ef, Pa,,) with n,,, € rad(D) \ rad*(T)and m,, €
Homac(mod-A) (Et , By, with ny, , € rad(T") \ rad*(T )
(3) There exist 0,, € Homuc(moa-n)(Pay, Po,) with 6, € rad(T) \ rad*(T") and 6, €
\

Homg(mod- A)(Pb17pbr) with 6, € rad(T) \ rad*(T )



According to Lemma 5, we have the following new arrows in I'y. We denote by == the
arrows defined by (., by ~~~= the arrows defined by 7, and by — — > the arrows defined
by .. In the next theorem, the left hand side diagram denotes cycles in (Ag, Ay, p) and
the right hand side diagram denotes cycles in (I'g,I'1, o).

Theorem 6. The reflection for A at t gives rise to the following transformation:

ai,Q Cm,q ai@ aﬁq
Ap—1 /p b2 apfl\é bg
0~ g‘/bl/_/ AN e \AP ;bﬂ/ S
/t — o
\ /al \ET‘\ P \ /&1 X\i\ P
a2 / \br—l Qg \ r—1
br s br,Q br,s br,2
A

Let A be determined by a Brauer tree B whose edges are identified with the vertices of
(Ao, A1, p). We will describe a way to transform B into a Brauer tree B’ determining I
Consider the tree

,,,,,,,,,,,,,,,, NP e
./.{k. b J\

with p, ¢, 7, s > 0, where a, = a,1,b, = b1 in case p,r > 1. Turn the edge ¢ anti-clockwise
around the vertex z and select the edge a, which ¢ first meets. Then select the vertex
z of the edge a, different from . Similarly, turn the edge ¢ anti-clockwise around the
vertex y and select the edge b, which ¢ first meets. Then select the vertex w of the edge
b, different from y. Add a new edge ¢’ connecting the vertices z and w, and remove the



edge t. As a consequence, we get the following Brauer tree B':
[
ap,2 o

a 2

N \Yy/ ,,,,,,,,,,,,,,,,,
e

Corollary 7. The Brauer tree B’ determines T'.

b'rl

Corollary 8 (cf. [1, Theorem 3.7]). There exists a sequence of Brauer tree algebras
A=Ay, Ay, -+, A such that A;yq is the reflection of A; at a suitable vertex for 0 <1 <
and A, is a Brauer line algebra, i.e., the path algebra defined by the quiver

(o751 a9 Qn—2 Qn—1

1 2 s n—1 n
51 B2 Bn—2 Bn-1

with relations
Qi1 = Bifi1 =0, b = Bimiqin
for 1 <i<n—1, where n is the number of vertices of (Ao, A1, p).
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