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Abstract. A ring theoretic investigation of the Iwasawa algebra is accomplished. There-
fore, we look at a filtered pseudocompact algebra (abbreviation:FPC algebra) which is a
reasonable generalization of the Iwasawa algebra (1.1). It is shown that an FPC algebra
has the Matlis duality between suitable categories. When an FPC algebra is Auslander
regular and with homogeneity condition, we study the local cohomology and local dualty.
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1. Introduction

This paper is a summary of [12]. A class of (non)commutative Iwasawa algebras,
studied as main objects in Iwasawa theory, occupies quite interesting position in that of
noncommutative Noetherian rings. Moreover, they possess a filtered ring structure which
is an algebraic device of topological notion. In the present paper, we study ring theoretic
properties of Iwasawa algebras, through a filtered pseudocompact algebra, FPC algebra,
for short.

Let us explain essential properties of Iwasawa algebras shortly. Let p be a prime number,
and G a compact p-adic analytic group. The Iwasawa algebra is defined by

Λ(G) := lim←−Zp[G/U ],

where U ranges over all open normal subgroups of G. A key fact for us is the following.
Assume that G is a uniform pro-p group. Then Λ(G) is a right and left Noetherian ring
([6], Corollary 7.25) and local Auslander-regular domain ([2], 4.1, 4.3, 5.1, 5.2). It has a J-
adic filtration FΛ(G), where J = radΛ(G), with FiΛ(G) := J−i (i < 0), = Λ(G) (i ≥ 0).
Λ(G) is complete with respect to this filtration ([2], 3.5). Suppose that G is a p-valued
compact p-adic Lie group or a uniform extra-powerful pro-p group, then the filtration
FΛ(G) is Zariskian ([5], §7 or [20], Theorem 3.22, see also [9], Chapter II §2, 2.1.2 Theorem
(4)). For these cases, Λ(G) is a typical example of an FPC algebra.

We can say that a reasonably generalized algebra of the Iwasawa algebra is a pseudo-
compact algebra due, for example, to [3], [19]. There is a duality between the category of
pseudocompact Γ-modules and that of discrete Γ-modules for a pseudocompact algebra
Γ. This is a basic result for homological study of such algebras. To begin with, we make
this duality over for the suitable categories over an FPC algebra (see 1.4). Then we study
the local cohomology and local duality over such algebras. This provides a generalization
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of [20], §§5,6. Further, we expect that the homological properties such that Bass number,
Gorensteiness etc. are within view as module-finite algebras [8].

2. Duality over a filtered pseudocompact algebra

2.1. Assumption. Let Λ be a left and right Noetherian filtered ring with a Zariskian
filtration FΛ = {FiΛ}i∈Z ([9], Chapter II, §2) such that

(a1) Hi = FiΛ is an ideal of Λ for every i ∈ Z,
(a2) Λ is complete with respect to FΛ,
(a3) Λ/Hi is of finite length as a right and left Λ-module for every i ∈ Z.

For further use, it is desirable that Λ is an algebra over a commutative ring. Let
(R, m, k) be a commutative local Noetherian ring and Λ an R-algebra. We consider that
R is a subring of Λ via a structure map R → Λ.

Put Ii := R ∩ Hi(i ∈ Z) and FR = {Ii}(i ∈ Z). Then FR is a filtration of R. We
assume that

(b1) R is complete with respect to FR,
(b2) R/Ii is a finite length R-module for every i ∈ Z,
(b3) mn is open for all n > 0, i.e., mn ⊃ Ii for some i ∈ Z,
(b4) Λ/Hi is a module-finite R/Ii-algebra for every i ∈ Z, i.e., Λ/Hi is a finitely gener-

ated R/Ii-module.

We call an R-algebra satisfying all above assumptions a filtered pseudocompact algebra
and FPC algebra for short. Moreover, Λ/Hi is a finite length R-module for every i.
Therefore all finite length Λ-modules are finite length R-modules.We sometimes consider
a filtered Λ-module (M,FM) as a filtered R-module with the same filtration FM , but
regard as an R-module. We assume that all filtrations are separated.

Let E := ER(k) be an injective hull of k as an R-module. It follows that E is an
injective cogenerator of ModR. Put Ei := {x ∈ E|I−ix = 0} an R-submodule of E for
every i ∈ Z. The assumption (b3) and [13], Theorem 18.4 implies E = ∪Ei, so E is a
filtered R-module with a filtration FE = {Ei}i∈Z .

2.2. Filtration and filtration topology. Let R be a filtered ring and M, N filtered
R-modules. Let FpHOMR(M,N) = {f ∈ HomR(M,N)|f(FiM) ⊂ Fi+pN for all i ∈ Z}.
Put HOMR(M,N) :=

∪
p∈Z FpHOMR(M,N).

In some cases, all homomorphisms are of finite degree. In particular, the following will
be used frequently.

Proposition 1. Let M be a filtered R-module with a filtration FM = {FiM}i∈Z. Assume
that M is of finite length. Then HomR(M,E) = HOMR(M,E).

2.3. Pseudocompact modules and copseudocompact modules. We put the cate-
gory FΛ as follows,

Objects: all filtered Λ-modules,
Morphisms: all Λ-homomorphisms of finite degree, i.e.,

the elements of HOMΛ(M,N) for M , N ∈ FΛ.
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We put M∨ := HOMR(M,E) by regarding M as a filtered R-module with a filtration
{FiM}i∈Z. Then (−)∨ = HOMR(−, E) turns out to be a contravariant functor between F
and Fop. We put (−)′ := HomR(−, E), which induces usual Matlis Duality. Let M be a
filtered Λ-module with a filtration FM . We call M pseudocompact , if M ∼= lim←−M/FiM ,
that is, M is complete ([9], Chapter I, §3, 3.5) and HiM ⊂ FiM for every i ∈ Z (cf. [3],
[19]). Dually, a filtered Λ-module N with a filtration FN is called copseudocompact , if
N ∼= lim−→FiN and H−iFiN = 0 for every i ∈ Z.

Proposition 2. Let M,N ∈ FΛ. Then
(1) If M is pseudocompact, then M∨ ∼= lim−→(M/FiM)∨.
(2) If N is copseudocompact, then N∨ ∼= lim←−(FiN)∨.

2.4. Duality. Let C be a full subcategory of FΛ consisting of all finitely generated pseudo-
compact Λ-modules, and D a full subcategory of FΛ consisting of all finitely cogenerated
copseudocompact Λ-modules. Here, a module is finitely cogenerated if and only if its
socle is essential and finitely generated (cf. [1], Proposition 10.7).

Theorem 3. Let M , N ∈ FΛ. Then
(1) If M is pseudocompact, then M∨ is copseudocompact.
(2) If N is copseudocompact, then N∨ is pseudocompact.
(3) Λ ∼= Λ∨∨ and Λ∨ is Artinian.

Theorem 4. Let M , N ∈ FΛ. Then
(1) If M ∈ C then M∨ ∈ D and M∨∨ ∼= M .
(2) If N ∈ D then N∨ ∈ C and N∨∨ ∼= N .

Proof. (1): Since M is finitely generated, there is an epimorphism f : Λn → M . Dualizing
it, we have a monomorphism f∨ : M∨ → Λ∨n, so M∨ is Artinian, and M∨ ∈ D. We see

M∨∨ ∼= lim←−(M/FiM)∨∨ ∼= lim←−(M/FiM)
′′ ∼= lim←−M/FiM ∼= M.

(2)similarly. ¤

3. Local cohomology

3.1. Depth and Auslander-Buchsbaum Formula. We assume that a FPC algebra Λ
is
1) Auslander regularity with gl.dimΛ=d ([9], Chapter III, §2, 2.1.7),
2) the homogeneity condition,
where the homogeneity condition (cf. [7], (hc13) and (hc14), p.326) is that every simple
left (respectively, right) Λ-module is contained in Ed (respectively, E

′d), where 0 → Λ →
E0 → E1 → · · · → Ed → 0 (respectively, 0 → Λ → E

′0 → E
′1 → · · · → E

′d → 0) is a
minimal injective resolution of Λ as a left (respectively, right) Λ-module. Let J = radΛ
be a Jacobson radical of Λ.

Definition 5. The depth of a finitely generated Λ-module M is defined by

depthM := min{i ≥ 0|Exti
Λ(Λ/J,M) 6= 0}.

It equals ∞, whenever Exti
Λ(Λ/J, M) = 0 for all i ≥ 0.
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The direct consequence of homogeneity condition is the following determination of
depthΛ.

Proposition 6. It holds that depthΛ = d.

Theorem 7. Let M ∈ modΛ. Then

pdM + depthM = depthΛ = d .

3.2. Local cohomology and local duality. Let M be a Λ-module. Put Γ(M) := {x ∈
M |H−ix = 0 for some i ≥ 0}. Then Γ is a left exact additive functor: ModΛ → ModΛ
such that Γ(M) ∼= lim−→HomΛ(Λ/H−i,M).

Definition 8. The local cohomology functors, denoted by H i(−), are the right derived
functors of Γ(−).

The following lemma is indispensable for proving the important property of local coho-
mology modules.

We can determine the structure of the last term Ed of a minimal injective resolution of
Λ.

Proposition 9. Let M ∈ ModΛ. Then, for any i ≥ 1,
(1) H i(M) is a copseudocompact module for some filtration. Moreover, if M is finitely
generated, then H i(M) ∈ D,
(2) H i(M) ∼= lim−→Exti

Λ(Λ/H−p,M).

As is usually done, we describe depth using the local cohomology modules.

Theorem 10. Let M be a finitely generated Λ-module. Then

depth M = min{i ≥ 0 : H i(M) 6= 0}.
Proof. The proof is done by modifying that of [20], Lemma 5.5. Note that H−p ⊂ J for
every p > 0. ¤

We also observe that Λ∨ is copseudocompact. We write X|Y , When X is isomorphic to
a direct summand of copies of Y . Then by the above corollary, we see Ed|Λ∨ and Λ∨|Ed.
As concerns the local cohomology module of Λ, we see

Proposition 11. There is an isomorphism Hd(Λ) ∼= Ed.

Proposition 12. Assume that Λ is basic. Then there is the isomorphisms Λ∨ ∼= Ed ∼=
Hd(Λ).

Proposition 13. Assume that Λ is basic. Let a Λ-module M be in C or D. Then
HomΛ(M,Hd(Λ)) ∼= M∨.

We establish the local duality theorem using the above results. All the assumptions for
Λ given before are preserved, that is, 1.1, 2.1 and to be basic.

Theorem 14. (Local duality) Let M be an arbitrary finitely generated Λ-module. Then,
for all integers i, there are natural isomorphisms

H i(M) ∼= Extd−i
Λ (M, Λ)∨ and

Exti
Λ(M, Λ) ∼= Hd−i(M)∨.
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Proof. Using the above preparation, we can show the statement by the similar way to the
commutative case. ¤
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