POLYNOMIAL INVARIANTS OF FINITE-DIMENSIONAL HOPF
ALGEBRAS DERIVED FROM BRAIDING STRUCTURES
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ABSTRACT. We introduce invariants of a finite-dimensional semisimple and cosemisimple
Hopf algebra A over a field k by using the braiding structures of A. The invariants
are given in the form of polynomials. The polynomials have integral coefficients under
some condition, and become stable by taking some suitable extension of the base field.
Furthermore, the polynomials give invariants of the representation category of a finite-
dimensional semisimple and cosemisimple Hopf algebra under k-linear tensor equivalence.
By using the polynomials, we can find some pairs of Hopf algebras, whose representation
rings are same, but representation categories are different.

1. INTRODUCTION

Given a quantum group, namely, a Hopf algebra with a braiding structure, we have
a topological invariant of low-dimensional manifolds, for example, (framed) knots and
links. Such an invariant is so-called a quantum invariant. It is well-known that quantum
invariants are not only powerful tool for investigating topologies of low-dimensional mani-
folds, but also closely related to mathematical physics as well as other areas, for example,
number theory, gauge theory, and so on.

Although in many investigations on quantum invariants, topological problems of low-
dimensional manifolds are studied under a fixed Hopf algebra, in this research, we fix
a framed knot or link, and study on representation categories of Hopf algebras. In
this article, by using quantum invariants of the unknot with (41)-framing, for a finite-
dimensional semisimple and cosemisimple Hopf algebra A over a field k, polynomials
Plgd) (x) (d=1,2,---) are introduced as invariants of A, and properties of them are stud-
ied. That polynomials are defined as in the following form thanks to some results of
Etingof and Gelaki[5] (for detail see Section 2):

t .
Plgd)(x) = H H <3: — %) € klz],

1=1 R:braidings of A
where {Mj,---, M} is a full set of non-isomorphic absolutely simple left A-modules
with dimension d (so, dim M; = d for all i), and dimpM; is the quantum invariant of
unknot with (41)-framing and colored by M;. In algebraic language, dimpM; is the
category-theoretic rank of M; in the left rigid braided monoidal category (4M" cg)
[10], where 4M™® is the monoidal category of finite-dimensional left A-modules and A-
homomorphisms, and cp is the braiding of 4M? determined by R.
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Each polynomial ijld) (x) has the following properties. All coefficients of the polynomial
are integers if k is a finite Galois extension of the rational number field Q, and A coincides
with the scalar extension of some finite-dimensional semisimple Hopf algebra over Q. The
polynomial becomes also stable by taking some suitable extension of the base field, more
precisely, there is a finite separable field extension L/k so that PXQ () = PX? (x) for any
field extension E'/L.

It is more interesting to note that our polynomial invariants give an invariant of rep-
resentation categories of Hopf algebras, that is, if representation categories of finite-
dimensional semisimple and cosemisimple Hopf algebras A and B are equivalent as k-
linear tensor categories, then Pj{” () = Péd) (x). In general, if representation categories of
two finite-dimensional semisimple Hopf algebras A and B over an algebraically field k of
characteristic 0 are equivalent as k-linear tensor categories, then their representation rings
are isomorphic as rings (with x-structure)[13, 15]. However, the converse is not true. For
example, by Tambara and Yamagami[18], it was proved that three non-commutative and
semisimple Hopf algebras C[Dg|, C[Qs], Ks of dimension 8 over the complex number field
C have the same representation ring, but their representation categories are not mutually
equivalent, where Dy is the dihedral group of order 8, (g is the quaternion group, and Ky
is the Kac-Paljutkin algebra[6, 11]. This result is generalized by Masuoka[12] in the case
where the base field of Hopf algebras is an algebraically closed field of characteristic 0 or
p > 2. In this article, we give an another proof of Tambara and Yamagami’s result by
using our polynomial invariants, and furthermore, give other examples of pairs of Hopf
algebras, whose representation rings are same, but representation categories are mutually
different (see the final section).

Throughout this article, we use the notation ® instead of ®;, and denote by ch(k) the
characteristic of the field k.

Acknowledgement. The author would like to thank Professor Akira Masuoka and Professor
Ikuo Satake for helpful advice.

2. DEFINITION OF POLYNOMIAL INVARIANTS

In this section, we introduce invariants of a semisimple and cosemisimple Hopf algebra
of finite dimension over an arbitrary field. They are given by polynomials derived from
the quasitriangular structures of the Hopf algebra, and become invariants under tensor
equivalence of representation categories of Hopf algebras.

Let us recall the definition of a quasitriangular Hopf algebra [3]. Let A be a Hopf algebra
and R € A® A an invertible element. The pair (A, R) is said to be a quasitriangular Hopf
algebra, and R is said to be a universal R-matriz of A, if the following three conditions
are satisfied:

(i) AP(a) = R-A(a)-R™' for all a € A,

(i) (A ®id)(R) = Ry3Ras,
(iii) (id ® A)(R) = Ri3Rs2.
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Here AP =ToA, T: ARA — A®A, T(a®b) =b®a, and R;; € A® A® A is given
by R =R®1, Rig=1® R, Ri3= (T ®id)(Ra3) = (id @ T')(Ry2).

If R=>)", o ®f; is a universal R-matrix of A, then the element u =Y. S(f5;)a; of A
is invertible, and has the following properties:

(i) S%*(a) = vau~! for all a € A,

(i) S(u) = 22; aiS(5:)-

The above element u is called the Drinfel’d element associated to R. If the characteristic
of k is 0, and A is semisimple or cosemisimple of finite dimension, then the Drinfel’d
element u belongs to the center of A by the property (i) and 5% = idy4 [8].

Let (A, R) be a quasitriangular Hopf algebra over a field k and u the Drinfel’d element
associated to R. For a finite-dimensional left A-module M, we denote by dimy M the
trace of the left action of u on M, and call it the R-dimension of M.

To define polynomial invariants, we use the following result on a semisimple and

cosemisimple Hopf algebra of finite dimension due to Etingof and Gelaki [5, Corollary
3.2(ii), Corollary 1.5].

Theorem 1 (Etingof-Gelaki). Let A be a semisimple and cosemisimple Hopf algebra
of finite dimension over a field k. Then

(1) (dim M)1g # 0 for any absolutely simple left A-module M,

(2) the set of universal R-matrices Braid(A) is finite. O

Let A= (A, A ¢, S) be a semisimple and cosemisimple Hopf algebra of finite dimension
over a field k. For a finite-dimensional left A-module M with (dim M)1 # 0, we set

Pyy(x) = H

ReBraid(A)

dimRM)
T — )
dim M

This is a polynomial in k[z]. Furthermore, for each positive integer d we define a polyno-
. ), N -
mial P, (x) in k[z] by
t
P (@) = [] Pa, (@),
i=1

where {M;, -+, M,} is a full set of non-isomorphic absolutely simple left A-modules with
dimension d. If there is no absolutely simple left A-module, then we set Pj{” (x) := 1.

Example 2. Let G be the cyclic group of order m, and k a field of ch(k) { m which
contains a primitive m-th root of unity. Then, the polynomial invariant P,E%] (x) of the
group Hopf algebra k[G] is given by the formula

m—1 m—1
PIE%](JU) = H (x — wde) = H(xm _ 1)gcd(j2,m)'
d,j=0 §=0

For a k-bialgebra A we write 4M for the k-linear monoidal category whose objects
are left A-modules and morphisms are left A-homomorphisms. Two bialgebras A and B
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over k are called monoidally Morita equivalent if monoidal categories 4M and gM are
equivalent as k-linear monoidal categories.

Lemma 3. Let A and B two Hopf algebras of finite dimension over k. If a k-linear
monoidal functor F' : \AM — gM gives an equivalence between monoidal categories, then
dim M = dim F(M) for a finite-dimensional left A-module M, and there is a bijection
® : Braid(A) — Braid(B) such that dimpM = dimg gz F'(M) for a finite-dimensional
left A-module M and a universal R-matriz R € Braid(A). O

From the above lemma we have the following theorem immediately.

Theorem 4. Let A and B be semisimple and cosemisimple Hopf algebras of finite di-
mension over k. If A and B are monoidally Morita equivalent, then Pj{” (x) = Péd) (x)
for any positive integer d. O

3. PROPERTIES OF POLYNOMIAL INVARIANTS

In this section, we describe properties of polynomial invariants Pj{” (x) defined in Section
2.

Lemma 5. Let (A, R) be a quasitriangular Hopf algebra over a field k and w the Drinfel’d
element associated to R. If A is semisimple and cosemisimple, then udim AP — 1

Proof. Let us consider the following sub-Hopf algebras B and H of A :
B:={(a®id)(R) | a € A" },
H={(id®a)(R) | aec A" }.

By [14, Proposition 2], the Hopf algebra B is isomorphic to the Hopf algebra H*®°P. Let
(D(H),R) be the Drinfel’d double of H. By [14, Theorem 2], there is a homomorphism
F:(D(H),R) — (A, R) of quasitriangular Hopf algebras. It follows that the Drinfel’d
element @ associated to (D(H),R) satisfies F'(@) = u. Since A is semisimple, sub-Hopf
algebras H and H**°P = B are also semisimple [9, Corollary 2.5]. Thus H is semisimple
and cosemisimple. So, we have (™) = 1 by [4, Theorem 2.5 & Theorem 4.3], and

whence w @™’ = 1 Since dim A is divided by dim H [14, Proposition 2], we have
(dimA)3 _ 1 m
u .

For a field K, let Zx denote the integral closure the prime ring of K, that is, if the char-
acteristic of K is 0, then Zk is the ring of algebraic integers in K, and if the characteristic
of K is p > 0, then Zk is the algebraic closure of the prime field IF,, in K.

From the above lemma, we have:

Proposition 6. Let H be a semisimple and cosemisimple Hopf algebra of finite dimension
over a field K. Then, for any absolutely simple left H-module M, the coefficients of the
polynomial Py y(x) are in Zy. Therefore, Pl(f) (x) € Zk|z] for any positive integer d. [
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Next, we examine relationship between polynomial invariants and Galois extensions of
fields. Let K/k be a field extension, and H a Hopf algebra over K. By a k-form of H we
mean a Hopf algebra A over k such that H = A¥ = A® K as K-Hopf algebras[1, p.181].

Theorem 7. Let K/k be a finite Galois extension of fields, and H a semisimple and
cosemisimple Hopf algebra of finite dimension over K. If H possesses a k-form, then
PI({d) (x) € (kN Zgk)[z| for each positive integer d. O

We have two corollaries as applications of the above theorem.

Corollary 8. Let K be a finite Galois extension field of Q, and H a semisimple Hopf
algebra of finite dimension over K. If H possesses a Q-form, then Pl(f) (x) € Z[z] for a
positive integer d, where Z is the rational integral ring.

Proof. By [7] a semisimple Hopf algebra over a field of characteristic 0 of finite dimension is
cosemisimple. So, the semisimple Hopf algebra H is also cosemisimple. Since QNZx = 7Z,
applying Theorem 7 to H, we have ng ) () € Zlx]. O

Corollary 9. Let I' be a finite group, and K a finite Galois extension field of Q. Then,

P I((d[)F} (x) € Z[x] for a positive integer d. -

Next, we discuss on stability of polynomial invariants under extension of fields.

Let A be a Hopf algebra over a field k, and L a commutative algebra over k. Then,
Al = A® L becomes a Hopf algebra over L. Furthermore, if R = Y. a; ® §; is a universal
R-matrix of A, then

RF = Z(Oéz‘ ®1lg) o (B;o1lk) € Alep A"
is a universal R-matrix of A%,
Let alg denote the k-additive category whose objects are commutative algebras over
k and morphlsms are algebra maps between them. Let A and B be two Hopf algebras
over k. For a commutative algebra L € alg, , we set

Hopf,(A® L, B® L) := { the L-Hopf algebra maps A@ L — B® L },

and for an algebra map f : Ly — Ly between commutative algebras L, Ly € %k and
¢ € Hopfr,(A® L1, B ® L) we define a map f.p € Hopfr,(A ® Ly, B® L) by the
composition:

id®n

A® Ly 2 A (L1 @ Ly) 2 (AR L) @ Ly 224 (B® L) @ Ly
M>(B®L2)®L2NB@(L2®L2)&>B®L2a

where 7, is the multiplication of Lo, and 1 : Ly — L ® L is the k-algebra map defined
by n(y) =11, ® y (y € Lg). This k-linear map f.¢ is directly defined by

(f*w)(a®y)zzbz-®f(xi)y, (so a®1g,) Zb ®x>
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for all a € A, y € L. Let Set denote the category whose objects are sets and morphisms
are maps. Then we have a covariant functor Hopf(A, B) : alg, — Set such as

for an object : L +—— Hopf(A® L,B® L),
for a morphism : [ +—— <H0pf(A, B)(f):pr— f*cp)

If A and B are of finite dimension over k, then the functor Hopf(A, B) can be rep-
resented by some finitely generated commutative algebra Z € alg, [20, p.4-5 & p.58].
Furthermore, if A is semisimple, and B is cosemisimple, then the representing object Z
is separable and of finite dimension[5, Corollary 1.3]. This fact leads to the following
theorem.

Theorem 10. Let A be a cosemisimple Hopf algebra over a field k of finite dimension.
Then, there is a separable finite extension field L of k such that

(i) there are only finitely many universal R matrices of AL, and
(ii) for any field extension E/L, the map Braid(A*) — Braid(A¥), R ——— RF is
bijective. O

Corollary 11. Let A be a semisimple and cosemisimple Hopf algebra over a field k of
finite dimension. Then, there is a separable finite extension field L of k such that for any
field extension E of L and any positive integer d, PXQ () = Pﬁ) (x) in Elz]. O

4. EXAMPLES

In this section, we give computational results of polynomial invariants for several Hopf
algebras. By comparing polynomial invariants one has new examples of pairs of Hopf
algebras such that their representation rings are isomorphic, but they are not monoidally
Morita equivalent.

Let N > 1 be an odd integer and n > 2, and consider the finite group

Gan="{(h, t, w|t* =0 =1, w" = h", tw=w"'t, ht =th, hw = wh).

The group Gy, is non-commutative, and the order of it is 4Nn. We remark that if N = 1,
then Gy, = Dy, the dihedral group of order 4n. Let k be a field of ch(k)  2Nn which
contains a primitive 4 Nn-th root of unity. The group algebra k[G y,| has a Hopf algebra
structure in a usual way. At the same time, one can define another Hopf algebra structure
on k|G yy,] as follows.

A(h)=h®h, A(t) = Wuwt @ et +t® eot, Aw) =w ® eqw + wl®ew,
e(h)y=1, ,e(t)=1, e(w)=1,
S(h)y=h"", St)=(—aw+e)t, Sw)=ew " +ew,
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N _
where ey = %, e = =L

\ = —1 (nis even),
)41 (nis odd),

Hopf algebra by Ay,. If we set

* which is introduced by

then the Hopf algebra Ay, is isomorphic to the Hopf algebra A%

Satoshi Suzuki[16]. Properties of the Hopf algebras A;,, are studied in detail in [2], and
Ajs especially coincides with the Kac-Paljutkin algebra Kg [6, 11|, which is the unique
non-commutative and non-cocommutative semisimple Hopf algebra of dimension 8 up to

isomorphism.
Let w € k be a primitive 4Nn-th root of unity.
(absolutely) simple left &[G n,]-modules is given by

{Vz’jk\i,j:O,l, k:O,2,~-~,2N_2}
U{ ‘/jk‘|k:0,1,"',2N—17 j:172’...

where the action x;ji of k[Gny] on Vjj, = k is given by

Xijk(t) = (1), xiju(w) = (=1)7, xiz(h) = {w2

Then, a full set of non-isomorphic

,n—1, j =k (mod 2) },

(n is even),

(n is odd),

and the left action pj; of k[Gny] on V), = k @ k is given by

pin(t) = ((1) (1)) » pik(w) = (WZOjN wgﬂv) , pir(h) = (w

Since Ay, is isomorphic to the dual Hopf algebra, we can compute PIE‘ (z) (d=1,2)
by using the data of the braidings of A%} determined by S. Suzuki[16]. We set

e(n) = {O (n is even),

1 (nisodd).

Proposition 12. (1) In case of n > 3,

N—1N-1 .y L
" HO H ( 78nzs )4n(x _ w78zns (_1)
PANn (x) = N —1 ]’if 1
H H ( 8ni52)4n(x2 _ w74in(23+1)2)2n
s=0 =0
n—e(n)
N—1—"%  N-1n-1
s=0 t=1 =0 j:0
No1 W N
X
s=0 t=1 =0 7=0
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if n is odd,

—4zn(25+1) —2N(2t—1)2(2j+1—e(n)))

_8ins?2— 2(25i41—
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(2) In case of n =2,

N—1N-1

P,Exll\),Q (x) — H (x - w—16i52)16(l_ + w_giSQ)S(x n w—16i52)87
s=0 =0
N—1N-1

P (@) = [ [ @ +w o) @2 — oSty o

o
I
o

%

v

On the other hand, we can determine the universal R-matrices of the group Hopf algebra
k[G Ny by using the method developed in [19], and compute the polynomial invariants

d
Pid (@) (d=1,2) .
Proposition 13. (1) In case of n > 3,
N—1N-1 -
T —w" if n is even,
" ' 8nis®\8n ; ;
1 - s=0 =0
Pk[GNn} () = N—1N-1 - A 5
H H (.I' — 8nis )471(1.2 _ w—4zn(2s+1) )271 an is Odd,
s=0 =0
No1 255 N
PIE%NR} ($) _ H (:1:2 _ w74in(25+1)274Nj(2t71)2)
s=0 t=1 =0 j=0
N1 N
« (1: _ wainSQfSth2>2'

b —16is2
P,‘(,[éNn} (z) = (& — w16i57)32,
s=0 =0
N-1N-1
pli?él\,n} (z) = (z* — WGy (g2, =8ist)?)2
s=0 i=0

By comparing polynomial invariants of two Hopf algebras Ay, and k[Gy,], we see
immediately that if n is odd, then Pffgn () = P,E%Nn](x) for d = 1,2. So, our polynomial
invariants do not detect the representation categories of Ay, and k[Gn,] for an odd

integer n. However, for an even integer n our polynomial invariants are useful.

Theorem 14. Let N > 1 be an odd integer and n > 2, and let k be a field of ch(k) t 2Nn
which contains a primitive 4Nn-th root of unity. If n is even, then two Hopf algebras Ay,
and k[G ny,| are not monoidally Morita equivalent. O

Example 15. For a non-negative integer h, ®; denotes the h-th cyclotomic polynomial.

Then, by using Maplel2 software, we see that the polynomial invariants of Hopf algebras
k[Gny] and Ay, for N =1,3,5 and n = 2,3, 4 are given as in the following list.
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Hopf algebra A Pfll) (x) Pf) (x)

k[G1o] o3 O, 0303

Ap PLPI6 Dy D202

{Gan] 21} 91,0505 O]
Asp PLL PP 2, DIBI DAL PI0

R[] T B R
A | atieviepel | elaqatetelel

k|G

(G PEP!8 D D3P, D3

A13

k|G

Gl | arepepep BT 050

ASS

k[Gss]

. GHEPOTDI | Bl 0ROl DT B0
53

k(G o D250

A ! P2,p!

k [G34] @64@160 ¢)34®%2¢)é0®é2¢)§2®}10®§0¢)?0
A34 . cp‘iscpig@%cpio

k[G54] PL28 288 @§0®§0@%3®§4@é8®}18®34@?4

5 1
Asy g Py P1EP°

Remark 16. For an odd integer N > 1 and an integer n > 2, the representation rings
of two Hopf algebras Ay, and k[Gx,] are isomorphic as rings with #-structure. In the
case of N = 1, this result is obtained by Masuoka[l12]. By the above theorem, hence,
for an even integer n, Ay, and k[Gy,| give an example of a pair of Hopf algebras such
that their representation rings are isomorphic, but their representation categories are not.
Such an example was first found by Tambara and Yamagami[18]. They showed that 8-
dimensional non-commutative semisimple Hopf algebras C[Ds], C|Qs], Ks over C are not
mutually monoidally Morita equivalent. From the viewpoint of extension of Hopf algebras
Masuoka[12] showed that their result holds in the case where the base field are algebraically
closed, and its characteristic does not divide 2. By using our polynomial invariants we
can also prove the Tambara and Yamagami’s result mentioned above. The polynomial
invariants of 8-dimensional non-commutative semisimple Hopf algebras k[Ds], k[Qs], Ks
are given by

Prbg(@) = Pl (@) =z — 12, Pl(@) = (- 1) +1)",
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@)
P"’[Ds}
@)
Pyiqs

(z) = 2® —22% 4+ 227 — 1,
(z) = 2% +22° — 22 — 1,

Pl(fg)(x) =% — 22% + 22 — 227 + 1.

Since polynomials P,i?l))g} (x), P,i[zgzsl (x), Pl(fg) (x) are all different, we conclude that by The-
orem 4 the Hopf algebras k[Dsg], k[Qs], Kg are not mutually monoidally Morita equivalent.
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