ABOUT DECOMPOSITION NUMBERS OF J;

KATSUSHI WAKI

ABSTRACT. The decomposition numbers with some unknown parameters of non-principal
blocks of the largest Janko group Jy [5] for characteristic 3 are determined. We also con-
cerned with the decomposition numbers of maximal 2-local subgroups [6] of J4 in odd
characteristics. We used the character table library in GAP[4]
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1. NOTATION

Let G be a finite group. Let p be an odd prime such that p devides the order of
G. We denote by BIF(G) a set of p-block of G with positive defect. For A € BIF(G),
we denote by Irr(A) a set of irreducible ordinary characters in A and by IBr(A) a set of
irreducible Brauer characters in A. Let k(A) and [(A) be numbers of irrecucible characters
in Irr(A) and IBr(A), respectively. Let I be the trivial character of G. Let by(G) be
the principal block of G i.e. by(G) € Bly(G) and Ig € Irr(bo(G)). We denote by D(A)
the decomposition matrix of A with respect to Irr(A4) = {x1, -+, Xwa)} and IBr(A) =

I(A)
{o1,- oy} So D(A) is the k(A) x [(A)-matrix {d;;} such that x; = Zdijgaj for
j=1

i=1,...,k(A) on p/-elements in G.

Let k be an algebraically closed field. Let H be a subgroup of G. We called a kG-
module M is a trivial source module if M is a direct summand of the induced module
of the trivial kH-module. Since trivial source modules have some good property, it is
important to find may trivial source modules. In particular, simple trivial source modules
are very important.

2. FONG’S THEOREM

Let X be a normal p’-subgroup of G. Let b be a p-block of X. Since X is p’-group,
Irr(b) has only one irreducible character {. Let T' = T'(b) be an inertial group of b in G.
If a p—block B of T is a direct summand of e, kT as a k—algebra, we call that B covers b.
We denote by BI(T'|b) the set of all p—blocks of T" which cover b. In [3], Fong showed the
following two theorems.

Theorem 1. (2B in [3]) Let A be a p-block in BI(G|b). Then there is a p-block B in
BI(T'|b), such that the following are true:

(i) A and B have a defect group in common.

The detailed version of this paper will be submitted for publication elsewhere.
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(ii) There is a 1-1 height-preserving correspondence between the irreducible ordinary
characters of A and B.

(iii) There is a 1-1 correspondence between the irreducible modular characters of A and
B.

(iv) With respect to these correspondences of characters, the matrices of decomposition
numbers and Cartan invariants of A and B are same.

Let s be the Schur multiplier of T/ X.

b). Then there is a group T with
b) where b is a p-block of Z such

Theorem 2. (2D in [3]) Let B be a p-block in BI(

a cyclic normal p'-subgroup Z and p—block B in BI(
that the following are true:

T
T

(i) B and B have isomorphic defect groups.
(ii) There is a 1-1 height-preserving correspondence between the irreducible ordinary

characters of B and B.
(iii) There is a 1-1 correspondence between the irreducible modular characters of B and

B.

(iv) With respect to these correspondences of characters, the matrices of decomposition
numbers and Cartan invariants of B and B are same.

The group T has the following structure:

(a) Z is the center of T.

(b) T/Z=T/X.

(¢) The order of Z is s.

In case that the irreducible character £ is linear and 7' is a semidirect product of X

with T/ X . Tt is easy to see that the p—block b is the principal block. Thus we can identify
p—blocks in BI(T'|b) with p-blocks in BI(T'/Z) = BI(T/X). So the next corollary follows.

Corollary 3. If £ is a linear character and T is a semidirect product of X with T'/X,
then there is a bijection between p—blocks in BI(T |b) and BI(T/X) such that the same
statements in Theorem 2 hold.

3. DECOMPOSITION MATRIX OF J,

Let G be the largest Janko group J4. The order of G is 23!-33.5.7-113-23-29-31-37-43.
There are non-conjugate involutions s, t in G such that K = Cg(s) = 2?12.3]\/[22:2,
Ca(t) = 211:Myy:2. The centralizer Cg(t) is contained in a subgroup H = 2'1:M,,. The
subgroups H and K are the maximal subgroups of G.

In [6], B. Kleidman and R. A. Wilson investigate these groups in detail. The character
tables of these groups are found by GAP[4]. We apply Fong’s theorem for getting the
decomposition numbers of these maximal 2-local subgroups H and K.

Proposition 4. Let p be an odd prime. Then all D(B) and D(C) where B € BLY(H)
and C € Bl (K) are determined.

In case that p = 3, let
Bl;(H) = {Bs,, Bsy, B2, Big,...,B1,}
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Bl;(K) = {03(17 O3b7 OQGL) 021) Cla7 .. 701}1}
Bl;(6-M2232) = {X3a7 Xab, Xoa, Xop Xig,--- ,de}
where indeces of each p-blocks indicate its defect.

1 0 1
(1) D(B1.) and D(Cy,) are |0 1) or |1
1 1 1
(2) D(Bga) = D(bo(M24)), D(B3b) = D(bo(M122)), D(BQ) = D(b0(24A8))
(3) D(C34) = D(X34), D(C3p) = D(Xap), D(Coa) = D(Xa4), D(Cop) = D(X2)

From above decomposition matrices, I can calculate projective indecomposable charac-
ters of H and K. By inducing these characters to GG, we can get projective characters of
G. Using tensor of characters and Green correspondence between G and H or G and K,
we can prove the following proposition.

Proposition 5. Let p = 3 then BII (G) = {Azq, Asp, A2, Ara, Ay, Are, Ara}. The almost
all decomposition numbers (=entries of decomposition matriz) of non-principal blocks are
determined the followsing. The indeces which we put on the irreducible ordinary characters
are same one in [2].

10 1
(1) D(Ay) are [0 1| or |1
11 1
1
01
0 01
0 001
(2) D(A)=11 00 0 1
11010
00101
01 110
10111

where Trr(As) = {X14, Xa1, Xo5, Xaz, X2s, X30, X31, X35, Xa1}

1
01
1 01
0101
0010 1
00 01 1
00 0O Qo 1

(B) Dlds) =1 o o ¢ o a+1 1
00 0O a+1 1
0011 I} 01
0000 a+B+y+1[1 1 1
0000 a+B+y+1]1 10 1
1100 f+42y+1 |01 1 1
1111 2642yvy+2 (0 2 1 1
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where 0 S a <3, 0S0S7, 05 a+08+7215, 0S8+ 12 and
Irr(Asp) = {X2, X3, X12, X13, X17, X138, Xa2, Xa3, Xa4, Xa6, X38, X39, X44, X50} -

4. GREEN CORRESPONDENCE AND TRIVIAL SOURCE MODULE

In GG, there are 2 simple modules M, and M, with dimension 1,333. In this section, we
see that these modules are trivial source modules.

Let x2 and x3 in Irr(Asp) of degree 1,333. Then these two characters are corresponding
to M, and M,.

Let P be a Sylow 3-subgroup which is isomorphic to the extraspecial group of the order
27. The center of P denote by Z := Z(P). We can get the following inclusion.

ZCPCNgP)=Z(2xP:8):2C Ng(Z)=6.Myp:2CKCG

Let F' and f be the Green correspondence with respect to (G, P, Ng(Z)) and
(G, P, Ng(P)), respectively.

Proposition 6. The simple modules M, and M, are trivial source.

Proof:

Since the restriction of x2 to K is a direct sum of 640a € Irr(Cs;) and 693¢ € Irr(Ch )
and the restriction of 640a to Ng(Z) is a direct sum of 10a € Irr(X3) and 210c + 420a €
Irr(X9) by GAP, F(M,) = 10a. Moreover we can check that the restriction of 10a to
N¢(P) are a direct sum of 1la and 9a by MAGMA[1]. Thus f(M,) = la. So M, is the
direct summand of the induced module 1a“ and M, is the trivial source module. For Mj,
we can prove by the same way. O

There is an irreducible character 6 in Bs, with degree 45. This character is correspond-
ing to simple trivial source module. Since ¢ has a direct summand s + a4, there are
a trivial source module M which is corresponding to y2 + X44. So we can prove that the
top and the Socle of M are isomorphic to M,. I hope that I can determine the unknown
number # and v by the investigation of the Loewy structure of M.
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