THE MODULI SPACES OF NON-THICK ITRREDUCIBLE
REPRESENTATIONS FOR THE FREE GROUP OF RANK 2

KAZUNORI NAKAMOTO AND YASUHIRO OMODA

ABSTRACT. There are several types among irreducible representations. Considering such
types as “thick” and “dense” gives us rich problems on representation theories, and the
first step to describe the moduli spaces of representations. The moduli of irreducible
representations for the free group F5 is very big, and difficult to be investigated. However,
we can describe some parts of the moduli of irreducible representations by using the
notion of thickness. In this talk, we describe the moduli of 4-dimensional non-thick
irreducible representations for the free group of rank 2.
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The detailed version of this paper will be submitted for publication elsewhere.
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Pyo(s,t) : dlm(@l\/[4><1\/[413@44.32'153’:77
232;0 | Qaz(s,t)
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2. m-THICK AND m-DENSE
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Definition 2. p: G — GL(V) 0O m-thick D00 O0O00dimV; =mO00 VOOOOOO
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Definition 4. 00 p: G — GL(V)O O OO OGO 0O perfect pairing

A"V X AV APV 2k
(z,7) = TNy

000000000 WCA™YWOOOOOW: CA»™V O
Wh={ye A"V |z Ay=0for Vo € W}
OoD000OwoO GOoO0o00ooooow+o Goo0oooooooon

Proposition 5. p: G — GL(V)OOOOOm-thickOOOO OO (n—m)-thickDO O OO
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4000A™VOOODOOOOO0OO0O0OAY"OOOOoOooooooooOoOoODoODbooo
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Proposition 6.
m-dense = m-thick = 1-dense < 1-thick < irreducible

Proof. 0 00 m-dense = m~thickDO OO0V, V,00000 VO mOOO(Mnm—m)O
000000000V, =(e1,e9,...,6m), Vo= {(f1, fo,. -y foem) DO 00p0 m-dense O
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000000¢geG0OOOD (p(g)Vs)@Ve=V0000000000m<n—m</{
000V, CV,cV/'00000 V,,V,00000(p(gVi)+VeCV' £V 0000000
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Proof 000000 W,Wo,O0OOOOOOOOW,, Wyl realizableOO OOV O m
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(1) p : thick
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(2) p : 2-thick
(3) p : drreducible 00 A?p : G — GL(A*V) 0 G-O000000 W C A*VO 4 <
dmW <6000000000O
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Example 15. £k =COG = GL(2,C) 00 00 Vigypp) O G O highest weight (a + b,0) O
gooooooooooood

a>3 = Vigbyp is not dense
a=3,4 = Viqpp) is thick

Ooo0o
a=3,4 = Vqpp) is not dense, but thick

3. MODULI OF REPRESENTATIONS
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Rep,,(G)air == {p | p : n-dimensional (absolutely) irreducible representation of G'}
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Ch,(GQ)air := {[p] | p : n-dimensional (absolutely) irreducible representation of G'}
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dim Repy (Fy)air = dim GLy(k) x GLy(k) = 4% + 4% = 32

000
dim PGLy(k) = dim GLy(k) — dimk* = 4* — 1 =15
0oo
dim Chy(F})air = dim Repy(Fy)qsr — dim PGLy (k) = 32 — 15 = 17
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Definition 17.

Chp (@) dense := {[p] | p : n-dimensional (absolutely) dense representation of G'}

Chy(G)thick :={[p] | p : n-dimensional (absolutely) thick representation of G}
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Definition 19. 00000000 OO0OO

000000 type +0

gobobod type —0dgooobonoogg

O000dimW =20000 Chy(Fo)nen—thiee 000000000000
Definition 20.

Si(F2)(4+,-) = {p € Repy(F2)air | p(a) = type +, p(B) : type — }
Sa(F2)(— 4y = {p € Repy(F)air | p(c) : type — , p(B3) : type + }
Si(F2) () = {p € Repy(F2)air | p() : type —, p(B3) : type — }

000000000000 ¢y Sa(F) o) = Cha(Fa)non—tnier 0000000 ¢ 4,
¢, 0000000000

Ch(+7 _) = Im(b(Jr,f)
Ch(_a +) = Im(b(—,-i—)

Ch(—, —) = Im¢(,7,)
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Definition 22. O OO

Ddim=3 ChQ(F2)air X ChQ(F2)air -2 Ch4(F2)non—thick
(p1, p2) = p1 & P2
000000 Ch(dim=3)0000
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Theorem 23. Chy(F2)non—thiee 10 0000
Chy(Fs)non—thick = Ch(+, —) UCh(—,+) U Ch(—, —) U Ch(dim = 3)

0000000000dimCh(+,—) = dim Ch(—,+) = dim Ch(—,—) =900 Ch(+,—)N
Ch(—,+)NCh(—,—) 00000

0000000 Chy(F)wenmies 000000000000000000000O00O
000000 non-dense 000 00000000000000000000000000
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