ON A TENSOR PRODUCT OF SQUARE MATRICES
IN JORDAN CANONICAL FORMS

RYO IWAMATSU

ABSTRACT. Let K be an algebraically closed field of characteristic p > 0. We shall
consider the problem of finding out a Jordan canonical form of J(a, s) @k J(b, t), where
J(a, s) means the Jordan block with eigenvalue a € K and size s.

1. INTRODUCTION

To construct graded local Frobenius algebras over an algebraically closed field K, it is
important to find out a Jordan canonical form (simply, JCF) of tensor product of square
matrices. In fact, it is known that any graded local Frobenius algebra is of the form of
Alp, v) = T(V)/R(p, v), where V is a finite dimensional K-vector space, v an element
of GL(V), and ¢ : V" — K a K-linear map satisfying several conditions. Further, if we
decompose as (V, v) = @,(V;, 7:), then the conditions of ¢ can be described in terms of
each ¢;, 4. 1 V;, ®---®V, — K. Then, we have to find out a Jordan canonical form of
Yiy @ -+ @7, as an element in GL(V;, ® --- ® V;.). (For detail, refer to T. Wakamatsu
2)).

Let K be an algebraically closed field of characteristic p > 0, and J(a, s), J(b, t) Jordan
blocks over K. We shall consider the problem of finding out a JCF of J(a, s) ® J(b, t),
where ® means ®x. And then we may assume s < t.

In the case of ab # 0, our problem is reduced to the problem of finding the indecompos-
able decomposition of R as a K[f]-module, where R means the polynomial ring K|z, y]
with relation (z° = 0 = y') and § = x + y. In Theorem 3, we show that we can find out

s homogeneous elements wy, wy, ..., ws_1 such that
s—1

R = K[b]w;
i=0

as K[0]-modules, where the degree of w; is i (for each 0 < ¢ < s—1). Applying this result,
we show an algorithm for computing a JCF of J(a, s) ® J(b, t) in Theorem 15. In the
case of ab = 0, we give the complete solution of our problem in Theorem 9.

A. Martsinkovsky and A. Vlassov [1] gave the solution of this problem in the case of

p=0.

2. MAIN RESULT

2.1. The indecomposable decomposition that gives a JCF of J(a, s)® J(b, t). To
find out a JCF of J(a, s) ® J(b, t), we have to find its eigenvalues, the number of Jordan

The detailed version of this paper will be submitted for publication elsewhere.
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blocks, and the sizes of Jordan blocks. It is clear the eigenvalue of J(a, s)® J(b, t) is only
ab.
We consider the indecomposable decomposition of
KIX] K]
(X =a)) (Y =0)Y)

as a K[X ® Y]-module. By replacing variables and so on, we have the following:

(1) ab # 0:

K[X] K[Y] ~ K[X,Y]

(((X —a)*) ? (Y — b)t))K[X(@Y] a <(XS7 Yt))K[X—i—Y].
(2) a=0,b0:
K[X]  K[Y] _ (K[X,Y]

( (X*) ¥ (Y - b)t>>K[X®Y} B ((Xsa Yt))K[X] .

(3) a#0,b=0:
K[X] K[Y] ~ K[X,Y]

(((X —a)*) ¥ (Y?) >K[X®Y} a ((Xsa Yt))K[Y].

(4) a=0=5b

K[X] K[Y] ~ K[X,Y]
((XS) D )K[X@Y} a ((XS, Yt));qu}'
Weputz=X,y=Y € K[X, Y]/(X*, Y, and R = K[z, 3].

Lemma 1. Our problem is reduced to the problem of finding the indecomposable decom-
position of R as a K[0]-module, where 6 means x + y (if ab # 0), z(a = 0,b # 0),
y(a#0,b=0), and xy (a =0=10).

We discuss on the assumption ab # 0, i.e. § = x + y, unless otherwise stated.

It is clear R is a finite dimensional graded K-algebra. In fact, we denote by R; the subset
of R consisting of all homogeneous elements with degree 7, then we have R = @f;ré*z R;.
And we immediately know dimg R; are as follows (1,2, ..., s, 5, ..., 8, s—1,..., 1) for
0<i<s+t—-2.

The subalgebra K] of R is uniserial, and hence is a quasi-Frobenius. We denote by n
the nilpotency of 6 (i.e. 6™ # 0, but ! = 0), and then we can choose (1, 0, --- , 0" as
a K-basis of K[f]. By easy calculation, we have the following inequality on n:

Lemma 2. We havet —1 < n <s+t—2. In particular, n =s+1t—2 if p=0.

Since the algebra K[f)] is uniserial, any indecomposable summand M of Rk can be
of written as K[f]w for some element w in R. Hence we can write the indecomposable
decomposition of Rg such as:

(2.1) R = é;K[@]wi (w; € R).
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We shall call each element w; a generator (for an indecomposable summand of Rgjg),
and the set {wq, ..., w,}, which consists of the generators in (2.1), a generating set (for
the indecomposable decomposition of Rgig ). Although a generating set is not unique, we
can choose some generating set that helps us to consider our problem:

Theorem 3. There erists a generating set {wy, w1, ..., ws_1} whose generator w; is an
i-th degree homogeneous element. Hence,

R=EK[flwi (w; € Ry).

We prepare some lemmas and notation for the proof of Theorem 3.

For a uniserial K[f]-submodule M of R generated by some homogeneous elements
of R, we denote by o(M) the socle degree of M as a K[f]-module; i.e. o(M) = d if
sockp (M) € Rg. For example, o(K[0]) = n, and o(K[f]zr) = n + 1if 0"z # 0. The
following lemmas are easily checked:

) # o(K[0]3), then

Lemma 4. Let o, § be homogeneous elements of R. If o(K[0a
K[flan K[0]5 = {0} holds. Hence K[0]a + KI[0|3 = K[f|la ® K[0]7.

Lemma 5. Let k be a homogeneous element of R. If d := o(K[0|k) < s+t — 2, then
kastt=2=4 £ () holds. Hence,

s+t—2—d s+t—2—d

Z K[0)ka' = @ K[0]kx

The multiplication map x67 : R; — R, ; is a K-linear map. We denote by K (i, i + j)
the kernel of this map.
Lemma 6. For each 0 <1 < s— 1, we have the following:
(1) The map x0"'"": R; — Ry_y is injective.
(2) The map x0*T1720 . R, — R,y 1_; is not injective.
Hence, for an elemant r; in K(i, s+t —1—1) C R;, we have
Qs—l—t 2—-1— 2@ — O but et_l_ilii 7£ 0.
We now prove Theorem 3:

The proof of Theorem 3. We put ng = n and my = s+t — 2 —ng. If mg > 0, then we

have o o

> Kbz = P K[fla" C R

10=0 10=0
by Lemma 5. If this direct sum coincides with R, then we finish the proof. Suppose
not. By Lemma 6, we can take an element kny € K(mg + 1, ng) and then we have
t—1 < o(K[0]k@uy) <no—1. We put ny = o(K|[f]rn)) and my = (ng—1) —ny. If my >0,
then we have

(EP K10]2) + () K[blraya™) = P K[o]x™ & @ K[0]x0)2" € R

10=0 11=0 i9=0 i1=0
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from Lemma 5. Thus, we can construct the direct sum of K[f]-submodules of R. However,
since R is finite dimensional, this construction will be over in finite steps. And it is clear
that this construction finishes just when s-th direct summand is constructed. By Krull-
Schmidt theorem, this decomposition is the indecomposable decomposition of Rgjg. (And
this argument does work when some m; is zero.) 0

Remark 7. (1) This proof gives concretely the indecomposable summands of R such
as:

K[e]/{(r,l), K[@]/{(T,l)% Ceey K[Q]/ﬁ(rfl)ivm’“_l,
where ;) means some elnement in K(m;—; + 1, n;_1) and m; = (nj_1 — 1) —n,, 0y =
o(K[0)k@y). Thus, these k(;), m;, n; are determined by the following order:

n=mng—mMy—Ka — N1 — M1 — Koy =7 Nj—1 = Mi—1 = K@) —

(Then we define n_; = s+t —1, m_; =0, and k() = 1 for convenience).

(2) We have to discuss on whether the value of n, = o(K[0]k(;)) varies by the choice
of an element x(;y € K(m;—1 + 1, n;_1). However, we immediately find that the sequence
(ng, n1,..., ny.—1) is unique by the uniqueness of the indecomposable decomposition of
Rgjg. Therefore we can choose r; free.

(3) Theorem 3 declares the number of Jordan blocks of J(a, s) ® J(b, t) is s if ab # 0.

Definition 8. Thus, the particular indecomposable summands
(K[0) =) K[0)k0), K[0]kq), -- -, K[0]ke-1)

of Rgjg characterize the indecomposable decomposition of Rgpg. So, we shall call each
K0]kq) a leading module (of Rkpg). And we call the number of the indecomposable
summands of Rgpg whose lengths are equal to that of K[f]k the leading degree of
K [Q}Iﬁ(i).

By this result, if there are r leading modules K[0k, K0k, ..., K[0]kr—1), then
we have

J(a, s)® J(b, t) = @Jabf

where /; and d; mean the length and leading degree of K[k respectively.
In the case of ab = 0, the algebra K] is also uniserial. Hence we can apply a similar
argument of the proof of Theorem 3.

Theorem 9. If ab = 0. Then, for any characteristic p, we have the following:
(1) a=0,b+#0: By taking {1, y, ..., y""'} as a generating set;
J(0, s) @ J(b, t) = J(0, s)®".
(2) a#0,b=0: By taking {1, x, ..., x°71};

J(a, s)® J(0, t) = J(0, t)**
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(3) a=0="0: By taking {1, z, ..., 25y, % ...,y 1};
s—1
J(0, ) ®J(0, 1) = J(0, )" & @5 J(0, s — ).
i=1
2.2. An algorithm for computing a JCF of J(a, s) ® J(b, t). Next, we show there
exists a good way to compute a JCF of J(a, s) ® J(b, t). To compute it, we find the

lengths and the leading degrees of the leading modules.
For each 0 < i < s — 1, we define a function such as

{ 0 (if the map x@*T'272": R, — R4 o ; is bijective)

DP(Z) - 1 (lf the map X05+t7272i : RZ — Rs—f—t—?—’i iS not bijeCtiVe) )

And we put
Ap = (Dp(0), Dp(1), ..., Dp(s —1)).

Remark 10. By Lemma 6 (1), we have known the map x60"* : R,y — R, is always
injective (hence, bijective) independently of the value of characteristic p. So D,(s—1) =0
holds.

By Theorem 3, we may assume that R is of the form of @f;é K[0]w;, i.e. any base of
R is of the form of #w;. This procedures the following lemmas:

Lemma 11. If an indecomposable summand K[f|w; is a leading module and D,(i) = 0.
Then we have the following:
(1) o(K[f]w;) = s+t —2—1i. Hence the length and the leading degree of K[0]w; are
s+t—1—2i and one respectively.
(2) The next indecomposable summand K[0]w;11 is a leading module if i +1 < s.

Lemma 12. If an indecomposable summand K [0]w; is a leading module, D, (i) = D,(i +
1)=---=D,(i+f—1)=1, and Dy(i+ f) = 0(f > 0). Then we have the following:
(1) o(K[0w;) = s+t —2—1i— f. Hence the length and the leading degree of K [0]|w;
are s+t —1—2i— f and f + 1 respectively.
(2) The indecomposable summand K[f|w;t 41 is a leading module if i + f + 1 < s.

Since the indecomposable summand K [f]wy is a leading module, we can apply Lemma
11 and 12 to the components of an arbitrary A, inductively. Thus, via the sequence A,,
we can compute the lengths and the leading degrees of the leading modules concretely:

Theorem 13. We can compute a JCF of J(a, s) ® J(b, t) by using the sequence A,.

We can compute the determinant D(i) of the linear map x@*7=272 : R, — Ry o,
by using elementary techniques of linear algebra:

Theorem 14. For each 0 < i < s— 1, we have
i (s+t—2—2i+k)

D(i) = H t—1—i

P (t—l—i+k)

t—1—i
By Theorem 13 and 14, we get an algori{}(l)m for computing a JCF of J(a, s) ® J(b, t):



Theorem 15. We can compute a JCF of J(a, s) ® J(b, t) by taking the following steps:
Step 1: Computing D(i) for each 0 <i < s — 1.
Step 2: Computing the sequence A,. Dy(i) =0 iff D(i) Z 0(mod p).
Step 3: Applying Theorem 13.

Example 16. Let us compute a JCF of J(a, 4) ® J(b, 5) (ab # 0). The determinants
D(i) are
D(0) = % =5-7, D(1) = LG _ 2.5% D(2)= REEG _ 2.5, D(3)=1.

So the sequence A4, is

A,=1(0,0,0,0) (p#2,5,7),

A2 - (OJ 17 ]-7 0)7

AS = (]-7 17 ]-a 0)7

A;=(1,0,0,0)

Therefore
J(ab, 8) @ J(ab, 6) ® J(ab, 4) ® J(ab, 2) (p #2,5,7)
J(ab, 8) @ J(ab, 4)%3 =2
J(CL, 4) ® J(b’ 5) = Jgab, 5%694 ( ) Eg — 53

J(ab, 1)** @ J(ab, 4) & J(ab, 2) (p="7)

If p=0orp>s+t—2, then the determinants D(i) are clearly all non-zero. Hence:
Corollary 17. If p=0 orp > s+t — 2, then

s—1
J(a, s)® J(b, t) = @ J(ab, s+t —1 - 2i).
1=0
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