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Abstract. For a generalized tilting module BTA and a nilpotent symmetric algebra
(AMA, ϕ, ψ), under natural assumptions, the stable functors Ker : mod−Λ(ψ,ϕ) →
mod−Λ(ϕT , ψT ) and Coker : mod−Λ(ϕT , ψT ) → mod−Λ(ψ, ϕ) has been constructed
and it was proved that they induce an equivalence mod−Λ(ψ, ϕ) ≈ mod−Λ(ψT , ϕT ) in
[2]. In this note, it is proved that those functors Ker and Coker preserve the distinguished
triangles and, therefore, the stable categories mod−Λ(ψ, ϕ) and mod−Λ(ψT , ϕT ) are
equivalent as triangulated categories.

1. Introduction

Let A and B be finite dimensional algebras over a field K. A bimodule BTA is called a
generalized tilting module if

(1) B = End(TA) and End(BT ) = A, and
(2) Extn

B(T, T ) = 0 = Extn
A(T, T ) for any n > 0.

A system (AMA, ψ, ϕ) consisting of a bimodule AMA and two homomorphisms ϕ : AM⊗A

MA → AMA and ψ : AM ⊗A MA → ADAA is called a nilpotent symmetric algebra if

(1) the algebra (M, ϕ) is associative and nilpotent,
(2) the homomorphism ψ satisfies

(i) ψ(ϕ(m1 ⊗m2)⊗m3) = ψ(m1 ⊗ ϕ(m2 ⊗m3)),
(ii) ψ(m1 ⊗m2)(1A) = ψ(m2 ⊗m1)(1A)

for all elements m1,m2,m3 ∈ M , and
(3) the homomorphism ψ is non-degenerate in the sense that the condition ψ(m⊗M) = 0

implies m = 0 for an element m ∈ M ,

where D stands for the canonical duality functor HomK(?, K). Let BTA is a general-
ized tilting module and (AMA, ϕ, ψ) a nilpotent symmetric algebra. The induced system
(BMT

B , ϕT , ψT ) is defined as MT = T ⊗A HomA(T, M) and

ϕT (t1 ⊗ f1 ⊗ t2 ⊗ f2) = t1 ⊗ ϕ(f1(t2)⊗ f2(?)) ∈ MT ,

ψT (t1 ⊗ f1 ⊗ t2 ⊗ f2) = ψ(f1(t2)⊗ f2(?t1))(1A) ∈ DB

for elements t1, t2 ∈ T and f1, f2 ∈ HomA(T, M). Then, the system (ϕT , ψT ) is again a
nilpotent symmetric algebra if the homomorphism

θT,M : BT ⊗A HomA(T, M)B → BHomA(T, T ⊗A M)B

defined by θT,M(t ⊗ f)(t′) = t ⊗ f(t′) for t, t′ ∈ T and f ∈ HomA(T, M) is bijective. In
this case, we have two symmetric algebras

Λ(ϕ, ψ) = A⊕M ⊕DA
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and
Λ(ϕT , ψT ) = B ⊕MT ⊕DB.

The multiplication of the algebra Λ(ϕ, ψ) is defined as

(a,m, s) · (a′,m′, s′) = (aa′, am′ + ma′ + ϕ(m⊗m′), as′ + sa′ + ψ(m⊗m′))

for a, a′ ∈ A, m, m′ ∈ M and s, s′ ∈ DA. In the same way, the multiplication of
the algebra Λ(ϕT , ψT ) is defined by using homomorphisms ϕT and ψT . For such sym-
metric algebras Λ(ϕ, ψ) and Λ(ϕT , ψT ), assuming several conditions, it is proved that
the kernel functor Ker : mod−Λ(ϕ, ψ) → mod−Λ(ϕT , ψT ) and the cokernel functor
Coker : mod−Λ(ϕT , ψT ) → mod−Λ(ϕ, ψ) are defined and that those functors induce
a category equivalence mod−Λ(ϕ, ψ) ≈ mod−Λ(ϕT , ψT ).

It is known by D. Happel [1] that the stable module category mod−Λ of any self-
injective algebra Λ has a natural structure of triangulated category with Ω−1

Λ as the
translation functor. In this note, we prove that our functorKer preserves the distinguished
triangles and, therefore, the stable module categories mod−Λ(ϕ, ψ) and mod−Λ(ϕT , ψT )
are equivalent as triangulated categories.

2. The stable functor Ker

In order to check that the functor Ker : mod−Λ(ϕ, ψ) → mod−Λ(ϕT , ψT ) preserves
distinguished triangles in the next section, we recall here its definition.

Let (AMA, ϕ, ψ) be a nilpotent symmetric algebra and BTA a generalized tilting module.
We call an exact sequence

· · · · · · → T1 → T0 → X → 0

a dominant right TA-resolusion of a module XA if (1) Tk ∈ add(TA) for all k > 0 and (2)
the sequence

· · · · · · → HomA(T, T1) → HomA(T, T0) → HomA(T, X) → 0

is exact again. We denote by gen∗(TA) the class of all modules XA for which there exist
dominant right TA-resolutions. The notion of dominant left DTB-resolutions of B-modules
and the class cog∗(DTB) are defined in the dual manner. To define the stable functors

Ker : mod−Λ(ϕ, ψ) ¿ mod−Λ(ϕT , ψT ) : Coker

and to prove that those induce an equivalence mod−Λ(ϕ, ψ) ≈ mod−Λ(ϕT , ψT ), we
suppose that the following four conditions

(A) the map θT,M : T ⊗A HomA(T, M) → HomA(T, T ⊗A M) is bijective,
(B) the modules MA and T ⊗A MA are in the class C(TA),
(C) the class C(TA) is contravariantly finite in the category mod−A, and
(D) the class D(DTB) is covariantly finite in the category mod−B

are satisfied, where C(TA) = (TA)⊥ ∩ gen∗(TA) and D(DTB) = ⊥(DTB) ∩ cog∗(DTB).
Let XΛ(ϕ,ψ) be a module over the symmetric algebra Λ(ϕ, ψ) = A⊕M⊕DA. Since A is

a subalgebra of Λ(ϕ, ψ), X can be seen as a module over A, which we call the underlying
module of XΛ(ϕ,ψ) and denote by XA. Then, the multiplication X ×Λ(ϕ, ψ) → X defines
two homomorphisms αX : X ⊗A MA → XA and βX : X ⊗A DAA → XA and they satisfy
the four conditions
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(M-1) βX · (βX ⊗DA) = 0,
(M-2) αX · (βX ⊗M) = 0,
(M-3) βX · (αX ⊗DA) = 0, and
(M-4) αX · (αX ⊗M) = αX · (X ⊗ ϕ) + βX · (X ⊗ ψ).

Conversely, for a module XA and two homomorphisms αX : X ⊗A MA → XA and βX :
X ⊗A DAA → XA satisfying the four conditions above, we can define a Λ(ϕ, ψ)-module
structure on X by x · (a,m, s) = xa + ϕ(x ⊗ m) + ψ(x ⊗ s) for elements x ∈ X and
(a,m, s) ∈ Λ(ϕ, ψ). In this way, we may identify any module XΛ(ϕ,ψ) with the triple
(XA, αX , βX). Similarly, a homomorphism of Λ(ϕ, ψ)-modules f : XΛ(ϕ,ψ) → YΛ(ϕ,ψ)

is a homomorphism of underlying modules XA → YA which satisfies the following two
conditions

(H-1) f · αX = αY · (f ⊗M) and
(H-2) f · βX = βY · (f ⊗DA).

Let (XA, αX , βX), (YA, αY , βY ) be Λ(ϕ, ψ)-modules and f : XΛ(ϕ,ψ) → YΛ(ϕ,ψ) a homo-
morphism. By condition (C), there exist exact sequences of the form

0 → VX → WX
γX→ X → 0 and 0 → VY → WY

γY→ Y → 0

such that VX , VY ∈ C(TA) and WX , WY ∈ ⊥C(TA). Since Ext1
A(WX , VY ) = 0, we get two

homomorphisms Wf : WX → WY and Vf : VX → VY over A such that the diagram

0 −−−→ VX −−−→ WX
γX−−−→ X −−−→ 0

Vf

y Wf

y
yf

0 −−−→ VY −−−→ WY −−−→
γY

Y −−−→ 0

is commutative.
It is checked that there is an isomorphism Λ(ϕT , ψT )⊗B T ∼= T ⊗A Λ(ϕ, ψ) of K-spaces

and this defines a (Λ(ϕT , ψT ), Λ(ϕ, ψ))-bimodule, which we denote by Λ(ϕT ,ψT )ΘΛ(ϕ,ψ).

Then, the Λ(ϕT , ψT )-modules Ker(X), Ker(Y ) and a Λ(ϕT , ψT )-homomorphism Ker(f) :
Ker(X) → Ker(Y ) are defined by the following commutative diagram

0 −−−−→ Ker(X) −−−−→ HomB(Λ(ϕT , ψT ),WX ⊗A DT ) λX−−−−→ HomΛ(ϕ,ψ)(Θ, X) −−−−→ 0

Ker(f)

y
yHom(Λ(ϕT ,ψT ),Wf⊗DT )

yHom(Θ,f)

0 −−−−→ Ker(Y ) −−−−→ HomB(Λ(ϕT , ψT ), WY ⊗A DT ) −−−−→
λY

HomΛ(ϕ,ψ)(Θ, Y ) −−−−→ 0

where the homomorphism λX is defined as follows: First the underlying module of
HomΛ(ϕ,ψ)(Θ, X) is HomA(T, X) since HomΛ(ϕ,ψ)(Θ, X) = HomΛ(ϕ,ψ)(T ⊗A Λ(ϕ, ψ), X) ∼=
HomA(T,X). Second, the underlying module of the Λ(ϕT , ψT )-module

HomB(Λ(ϕT , ψT ),WX ⊗A DT ) = HomB(B ⊕ T ⊗A HomA(T, M)⊕DB,WX ⊗A DT )

is isomorphic to a direct sum of three modules

HomB(DB, WX ⊗A DT ) ∼= HomB(T ⊗A DT, WX ⊗A DT ) ∼= HomB(T,WX),

HomB(T ⊗A HomA(T, M),WX ⊗A DT ) ∼= D(HomA(T, DHomA(T, M))⊗B HomA(WX , T ))
∼= DHomA(WX , DHomA(T, M)) ∼= WX ⊗A HomA(T, M)
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and

HomB(B, WX ⊗A DT ) ∼= WX ⊗A DT.

Using those modules, the map λX is defined by giving its three components

λX,1 = Hom(T, γX) : HomA(T, WX) → HomA(T, X),

λX,2 = α∗X · (γX ⊗ HomA(T, M)) : WX ⊗A HomA(T, M) → HomA(T, X)

and

λX,3 = β∗X · (γX ⊗DT ) : WX ⊗A DT → HomA(T, X),

where α∗X : X ⊗A HomA(T, M) → HomA(T, X) and β∗X : X ⊗A DT → HomA(T, X) are
the adjoint maps of the structure maps αX and βX , respectively.

This defines a K-linear functor Ker : mod−Λ(ϕ, ψ) → mod−Λ(ϕT , ψT ) and it in-
duces a stable functor Ker : mod−Λ(ϕ, ψ) → mod−Λ(ϕT , ψT ). Similarly, by using the
condition (D), the functor Coker : mod−Λ(ϕT , ψT ) → mod−Λ(ϕ, ψ) is defined. Fi-
nally, by the condition (B), it is ckecked that those functors define the stable equivalence
mod−Λ(ϕ, ψ) ≈ mod−Λ(ϕT , ψT ).

3. Equivalences of triangulated categories

A distinguished triangle

X1
f−→ X2 −→ Cf −→ Ω−1

Λ(ϕ,ψ)(X1)

in the stable module category mod−Λ(ϕ, ψ) is given by the push-out diagram

0 −−−→ X1 −−−→ E(X1) −−−→ Ω−1
Λ(ϕ,ψ)(X1) −−−→ 0

f

y
y

∥∥∥
0 −−−→ X2 −−−→ Cf −−−→ Ω−1

Λ(ϕ,ψ)(X1) −−−→ 0

in the module category mod−Λ(ϕ, ψ), where X1 ↪→ E(X1) is an injection into an injective

module E(X1) and X
f→ X2 an arbitrary homomorphism of Λ(ϕ, ψ)-modules. We have

to prove that the sequence

Ker(X1)
Ker(f)−→ Ker(X2) −→ Ker(Cf ) −→ Ker(Ω−1

Λ(ϕ,ψ)(X1))

is again a distinguished triangle in the category mod−Λ(ϕT , ψT ).
We start with the following result:

Lemma 1. Let 0 → X
f→ Y

g→ Z → 0 be an exact sequence of Λ(ϕ, ψ)-modules. Then

there exist right ⊥C(TA)-approximations WX
γX→ X → 0, WY

γY→ Y → 0 and WZ
γZ→ Z → 0
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such that all the rows and columns are exact in the diagram

0 0 0y
y

y

0 −−−→ VX

Vf−−−→ VY
Vg−−−→ VZ −−−→ 0y

y
y

0 −−−→ WX

Wf−−−→ WY
Wg−−−→ WZ −−−→ 0

γX

y γY

y γZ

y
0 −−−→ X

f−−−→ Y
g−−−→ Z −−−→ 0y

y
y

0 0 0

Proof. We choose first any right ⊥C(TA)-approximations WX
γX→ X and W ′

Y

γ′Y→ Y and
get the commutative diagram

0 −−−→ VX
s−−−→ WX

γX−−−→ X −−−→ 0

V ′f

y W ′
f

y f

y
0 −−−→ V ′

Y −−−→
t

W ′
Y −−−→

γ′Y
Y −−−→ 0

In the diagram, W ′
f may not be injective, but since WX ∈ ⊥C(TA) ⊆ cog∗(TA), we can

take a left add(TA)-approximation 0 → WX
u→ T0 and, by setting

Vf =

(
V ′

f

u · s
)

, Wf =

(
W ′

f

u

)
and γY = (γ′Y , 0), t′ =

(
t 0
0 idT0

)
,

we have the commutative diagram

0 0 0y
y

y
0 −−−→ VX

s−−−→ WX
γX−−−→ X −−−→ 0

Vf

y Wf

y f

y
0 −−−→ V ′

Y ⊕ T0
t′−−−→ W ′

Y ⊕ T0
γY−−−→ Y −−−→ 0

Here we put WY = W ′
Y ⊕ T0, VY = V ′

Y ⊕ T0, WZ = Coker(Wf ), VZ = Coker(Vf ) and

denote the cokernels of the maps Wf and Vf by WY
Wg→ WZ → 0 and VY

Vg→ VZ → 0,
respectively. Then, by the snake lemma, we get an exact sequence

0 −−−→ VZ −−−→ WZ
γZ−−−→ Z −−−→ 0

in which VZ ∈ C(TA) and WZ ∈ ⊥C(TA) hold as easily seen. It is now obvious that those
modules and homomorphisms make the diagram as stated in the lemma. q.e.d
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For a short exact sequence of Λ(ϕ, ψ)-modules

0 −−−→ X
f−−−→ Y

g−−−→ Z −−−→ 0

we choose three ⊥C(TA)-approximations γX : WX → X, γY : WY → Y , γZ : WZ → Z
and two homomorphisms Wf : WX → WY , Wg : WY → WZ as stated in the lemma. By
making use of those modules and homomorphisms, the sequence

Ker(X)
Ker(f)−−−−→ Ker(Y )

Ker(g)−−−−→ Ker(Z)

is defined in the module category mod−Λ(ϕT , ψT ) by the following commutative diagram
with exact rows

0 −−−→ Ker(X) −−−→ HomB(Λ(ϕT , ψT ),WX ⊗A DT )
λX−−−→ HomΛ(ϕ,ψ)(Θ, X) −−−→ 0yKer(f)

yHom(Λ(ϕT ,ψT ),Wf⊗DT )

yHom(Θ,f)

0 −−−→ Ker(Y ) −−−→ HomB(Λ(ϕT , ψT ),WY ⊗A DT )
λY−−−→ HomΛ(ϕ,ψ)(Θ, Y ) −−−→ 0yKer(g)

yHom(Λ(ϕT ,ψT ),Wg⊗DT )

yHom(Θ,g)

0 −−−→ Ker(Z) −−−→ HomB(Λ(ϕT , ψT ),WZ ⊗A DT )
λZ−−−→ HomΛ(ϕ,ψ)(Θ, Z) −−−→ 0

and we get the following lemma.

Lemma 2. When we choose right ⊥C(TA)-approximations WX
γX→ X, WY

γY→ Y and

WZ
γZ→ Z as in the previous lemma, the sequence

0 −−−→ Ker(X)
Ker(f)−−−−→ Ker(Y )

Ker(g)−−−−→ Ker(Z) −−−→ 0

is exact in the module category mod−Λ(ϕT , ψT ).

Proof. Applying the functor HomΛ(ϕ,ψ)(Θ, ?) to the exact sequence

0 −−−→ X
f−−−→ Y

g−−−→ Z −−−→ 0

we have the following commutative diagram with exact rows.

0 −−−−→ HomΛ(ϕ,ψ)(Θ, X)
Hom(Θ,f)−−−−−−→ HomΛ(ϕ,ψ)(Θ, Y )

Hom(Θ,g)−−−−−−→ HomΛ(ϕ,ψ)(Θ, Z)

∼=
y ∼=

y ∼=
y

0 −−−−→ HomA(T, X) −−−−−−→
Hom(T,f)

HomA(T, Y ) −−−−−−→
Hom(T,g)

HomA(T, Z) −−−−→ Ext1A(T,X) · · ·

Similarly, applying the functor

HomB(Λ(ϕT , ψT ), ?) ∼=

HomB(B, ?)
⊕

HomB(T ⊗A HomA(T, M), ?)
⊕

HomB(DB, ?)

to the exact sequence

0 −−−→ WX ⊗A DT
Wf⊗DT−−−−−→ WY ⊗A DT

Wg⊗DT−−−−−→ WZ ⊗A DT −−−→ 0
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we have two exact sequences

0 −−−−→ HomB(B, WX ⊗A DT ) −−−−→ HomB(B,WY ⊗A DT ) −−−−→ HomB(B, WZ ⊗A DT ) −−−−→ 0

and

0 −−−−→ HomB(N,WX ⊗A DT ) −−−−→ HomB(N, WY ⊗A DT ) −−−−→ HomB(N, WZ ⊗A DT ) −−−−→ 0,

where N = T ⊗A HomA(T, M), and the commutative diagram with exact rows

0 −−−−−→ HomB(DB, WX ⊗A DT ) −−−−−→ HomB(DB, WY ⊗A rmDT ) −−−−−→ HomB(DB, WZ ⊗A DT )

∼=
??y ∼=

??y ∼=
??y

0 −−−−−→ HomA(T, WX) −−−−−−−−→
Hom(T,Wf )

HomA(T, WY ) −−−−−−−−→
Hom(T,Wg)

HomA(T, WZ) → · · ·

Then, combining those diagrams, we get the following commutative diagram with exact
rows and columns

0 0 0
y

y
y

0 −−−−→ Ker(X)
Ker(f)−−−−→ Ker(Y )

Ker(g)−−−−→ Ker(Z)
y

y
y

0 −−−−→ • −−−−→ • −−−−→ HomB(Λ(ϕT , ψT ),WZ ⊗A DT ) −−−−→ Ext1A(T, WX) → · · ·
yλX

yλY

yλZ

0 −−−−→ • −−−−→ • −−−−→ HomΛ(ϕ,ψ)(Θ, Z) −−−−→ Ext1A(T, X) → · · ·
y

y
y

0 0 0

On the other hand, from the exact sequence 0 → VX → WX
γX→ X → 0 with VX ∈ C(TA),

we have an isomorphism Ext1(T, γX) : Ext1
A(T, WX)

≈→ Ext1
A(T, X). Therefore, to prove

the surjectivity of the map Ker(g) : Ker(Y ) → Ker(Z), it is enough to show that the
diagram

HomB(Λ(ϕT , ψT ),WZ ⊗A DT ) −−−→ Ext1
A(T, WZ)

λZ

y
yExt1(T,γX)

HomΛ(ϕ,ψ)(Θ, Z) −−−→ Ext1
A(T, X)

is commutative. It is easyto see that the commutativity of the above diagram is equivalent
to the following two assertions:

(1) The composition maps

Z ⊗A HomA(T, M)
α∗Z→ Ext1

A(T, Z)
∆→ Ext1

A(T, X)

and

Z ⊗A DT
β∗Z→ HomA(T, Z)

∆→ Ext1
A(T, X)

are the zero maps, where HomA(T, Z)
∆→ Ext1

A(T, X) satands for the connecting

homomorphism corresponding to the exact sequence 0 → X
f→ Y

g→ Z → 0.
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(2) The diagram

HomB(T ⊗A DT, WZ ⊗A DT )
(?⊗DT )←−−−−∼=

HomA(T, WZ)
∆−−−→ Ext1

A(T, WX)

ζ

x∼= ∼=
yExt1(T,γX)

HomA(T,WZ) −−−−−−→
Hom(T,γZ)

HomA(T, Z) −−−→
∆

Ext1
A(T,X)

is commutative, where the vertical map ζ in the left hand side is the composition

HomA(T, WZ)
Hom(T,ηDT

WZ
)

−−−−−−−−−→∼=
HomA(T, HomB(DT, WZ ⊗A DT )

can−−−−−→∼=
HomB(T ⊗A DT, WZ ⊗A DT )

and the map HomA(T, WZ)
∆→ Ext1

A(T, WX) stands for the connecting homomor-

phism corresponding to the exact sequence 0 → WX

Wf→ WY
Wg→ WZ → 0.

Proof of the assertion (1): For any element y ∈ Y and u ∈ HomA(T, M), the element

∆(α∗Z(g(y)⊗ u)) ∈ Ext1
A(T, X) is determined by the diagram

0 −−−→ X −−−→ E −−−→ T −−−→ 0∥∥∥
y

yα∗Z(g(y)⊗u)

0 −−−→ X −−−→
f

Y −−−→
g

Z −−−→ 0

and it is easily verified that the homomorphism α∗Z(g(y)⊗u) is lifted to the homomorphism
α∗Y (y ⊗ u) through the surjective map g. Therefore, the upper sequence in the diagram
splits and we have ∆ · α∗Z = 0. We can prove ∆ · β∗Z = 0 in the same way.

Proof of the assertion (2): It is checked that the map ζ coincides with (? ⊗ DT ) :

HomA(T,WZ) → HomB(T ⊗A DT, WZ ⊗A DT ). Hence, the commutativity of the diagram
follows from the naturality of the connecting homomorphisms. q.e.d

Theorem 3. The stable equivalence functor Ker : mod−Λ(ϕ, ψ) → mod−Λ(ϕT , ψT ) is
an equivalence of triangulated categories.

Proof. Applying Lemma 2 to the diagram

0 −−−→ X1 −−−→ E(X1) −−−→ Ω−1
Λ(ϕ,ψ)(X1) −−−→ 0

f

y
y

∥∥∥
0 −−−→ X2 −−−→ Cf −−−→ Ω−1

Λ(ϕ,ψ(X1) −−−→ 0

we have the commutative diagram with exact rows

0 −−−→ Ker(X1) −−−→ Ker(E(X1)) −−−→ Ker(Ω−1
Λ(ϕ,ψ)(X1)) −−−→ 0

Ker(f)

y
y

∥∥∥
0 −−−→ Ker(X2) −−−→ Ker(Cf ) −−−→ Ker(Ω−1

Λ(ϕ,ψ)(X1)) −−−→ 0
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We know that the module Ker(Q) over the algebra Λ(ϕT , ψT ) is projective for any pro-
jective module Q over the algebra Λ(ϕ, ψ) by the construction. Therefore, we see that
the equality

Ker(Ω−1
Λ(ϕ,ψ)(X1)) = Ω−1

Λ(ϕT ,ψT )
(Ker(X1))

holds and the sequence

Ker(X1)
Ker(f)−−−−→ Ker(X2) −−−→ Ker(Cf ) −−−→ Ker(Ω−1

Λ(ϕ,ψ)(X1))

is again a distinguished triangle in the stable category mod−Λ(ϕT , ψT ). This completes
the proof. q.e.d.
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