CHARACTER THEORY OF SEMISIMPLE
BI-FROBENIUS ALGEBRAS

YUKIO DOI

ABSTRACT. Bi-Frobenius algebras, or briefly bF algebras, were introduced by the author
and Takeuchi in [DT]. They are Frobenius algebras with coalgebra structures, and gen-
eralize both finite-dimensional Hopf algebras and scheme rings (Bose-Mesner algebras)
of (non-commutative association) schemes. In this paper we discuss the character theory
of symmetric Frobenius algebras and its application to our bF algebras. Our approach
to the representation theory of symmetric algebras was inspired primarily by the work of
Geck-Pfeiffer [GP]. But our methods are very different. We begin with a general discus-
sion of symmetric Frobenius algebras and their properties, and prove the semisimplicity
criterion in terms of the volume.
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1.1. 00000000, k0000000 Hom O @0 kO00D00O0AD (kDODO)ODO
0000000000 A*=Hom(A, k) DO0ODDOOODOOO AODDOOOO

(@ = 1)) = fba), (f = a)(b) = f(ab)  (a,b€ A).
O00000000000000000 A0 ¢oeA*00 (A,9p) 00O
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The detailed version of this paper will be submitted for publication elsewhere.
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OO0 ADODODODOOeDOODOD

0: A A9 4o A =~ End(4), (1.1)

000000000000 ida 00000 A®ADODO ),y 000000000
(A,) DDDODOOOOOODODOOO

Y wmb(ya)=a  (a€ A (1.2)
0000{«}010000000 ¢(wr;) =6, 00000000 (1.2) 000

Y ar@yi=» z@ya  (a€A), (1.3)

)

0000000000 be AODDOO
O ax; @y:)(b) =Y arip(yib) = ab  (by (1.2))

= Z x;P(y;ab) = @(Z z; @ y;a) (D).

000 AOD v:=Y, 2 000 Z(A)DOOOvO00O00D00000 (4,¢)00000
0000000000000

vOOO0OD0OOD = AOODOOOD(QOODOOOO)

000000000Y,v';®y 000000000000000000O0O0O00OOO
003000000 (00000 k0000 000000)0

00 60: A= A0 0(f):=>,f(z)y, 000000000 Y, 7@y 0 (A¢) OO0
000000000 fed, aeAO0DO

0(6(f))(a) = (¢ — 0(f))(a)
= cb(z f(zi)yia) = Z f(zi)o(yia)

— (3 () = S0

00000000l =1idy-. AO00D0D000000A0 A00D0000D0000 fob =idy
Oo0o0o0ooooooooooo

Z olax;)y; = a (a € A). (1.4)
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00000000 C* O convolution O (f xg)(c) = > flc1)g(ex) DD DODODO (00O
0)DoOoocCcoooooooooo croooooo

foe=Y afle), c=f:=) fla)e
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12. 0000000000.00000000 (4,4) 0000
¢(ab) = ¢(bN(a))  (a,b€ A)

0000000000 N:A—-AO00000D0O000000 A0 ¢00000000
000000N =id, 000 (0000 ¢(ab) = ¢(ba))0 (A,¢) 00000000000
0000000000000000000000000000000000000000
0ooooo

00 10 (4,¢4) 0000000000, z®y 00000000000(A,¢)0000
000000000000000

in®yizzyi®xi (1.5)
gbboooodoobood

000 (1.5 000000000000000 aeADOOO
M) =12 Szl (a) = 3 dlag)a =19 3 dlazi)y =1

O000(A,¢)00D0O0DO0OU0DOOOO N=1dOOOOO
Zyi¢($i@) :Zyi¢(a$i) =0 q

0000000 6, %®z)=id000000000000000000 (1.,5) 000
0oo 0

00 AODDOODOOODOOD y, OOODODODOO0OO R,:A— A b—baOODOO
Tr:End(4) » k0000000000000 000 x4(a) =Te(R,) 0000

0000 20000000000 30)0000000000000O0O00O0O0O0O
O00o0o0ooooOoOo0o0000o0ooooooobobobD MODODODOOO M*@M =
End(M), (f@m)(n):=f(n)m D000000Te(f@m)=f(m) 000000

00 20 (A,¢) 000000000 000000000OOOOOOO

xala) = ¢(va)  (a € A)
000000000, ¢(v) = dim AO
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000 Ru(b)=ba=>,z;¢(y;ba) 00D OO
Ra:Z(aégb#yi)@xi in A"® A.

%

00000 yala) =Y, ¢(yiwia) =12 3 d(ziyia) = ¢(va). O

2.00000000D00

21. HOOODOODODODODODDODODOO AtH—-H®H, ¢e:H—-kEODOOODO. O
OO0 A, e0D0000O0DDOOODOO ¢oeH,teHODOOOODDOOO S:H—HO

S(h) =t —(h—=¢)=>Y_ d(tih)t

DDDDDDDD (BF1) OO (BF6) DO DODOODOD40 (H,e,t,S)0000000O0O0O
O (bi-Frobenius algebra) 00000 bF 000000

(BF1) e ODOOOOOOOO e(hh) =e(h)e(h), (1) = 1.

(BF2) HODOOOD 10 A()=1®l10000.

(BF3) (H,9) DODODODOOOOOO

(BF4) (H,t) D0 OO0O0O0O0OOOO

(BF5)SDDDDDDDDDD S(hh') = S(K)S(h), S(1) = 1.

(BF6) SOOODOOODOOOO A(S(h) =>_S(he)®S(ha)), (S(h)) =¢c(h).
SObFOOO0OCODOOOOOOO0OODODOOOODODO0OO0O0ODO0OO00 Sxid=uoe =

id«SO00000000Sh)=t—(h—¢)=(ko®)(h) 0000k, ¢ 0O0OOO0O

000 SO00000000000 h=Y.8"t)e(th) 0ODO he HOOOODODOO

> St @t

0 (H,¢)00DOOOOO0O0000000000,

bFOO H=(H,¢4,t,5)00000000000000000 F*O000000000
0000000000 convolution 00000 A(f)=S/i®f e H*QH* = (H® H)*
0

Af(h@l)=>" fi(h) f(hl),  (feH*, hileH)

gboogbobdoaogn4d (H*,t,gb,S*)D bFOOOOOOOOOOOOODOOODOD
OO0 FAO000 bFOOODOOO

22.bF 0DOO. (1) 000000 GOOO kG DOOODDDOO0D Afw) =2®
v, e(x)=1 (€@ 00000000¢€ (kG) T ¢(g) =0, 00000E:=3 o9 €
kG OODOOOO ¢0O ¢t00000000 S:hw— > okt 00DDDOODOO G >
r—2x e GOOO0O0O0O0O0OOO (kG,¢,t,S) 0 bFOODDOOOOOOOODOO
O BF1256000000BF34000000 SO00O0OO0OO0OOODOO0OOOODODOO
Jo0ooboooobobooobbo0o HOoOOooboobD ¢oe HY, te HOOOOOOOO
S=kol 000000000 ,OD0O00C00OO000OO (dmHA=dmHA*000)000
0 BF34A000000(KG,¢)000000 Y, .2 '®:0000000 |G[-100000
000 Y e '®@r=> e ' 00000000000 ¢(zy) = é(yz), (z,y €G)
00000000 (kG,9) DO0DODODDODODOO
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(2)000000 FOOOOOOOOOO0O0000A* 000 FO000000 (¢,¢) 0
¢()=1 000000000 (000)00000000000 SO0000000000
0000000000 (DT, 24 Example))00000000000000000000
000000000000000000 BF340000000 BFs,600000000
O00(H,¢,¢,8)0 bFOOOOOO(H,¢) 000000 bFOODO00 Y5 (t) @t O
0000000000000000000000

v=Y S to)ts = ST () _tS(tz)) = e(t)1

0000(000bFOO0O0O000000 v=35" (), 00000000000000
0o)

(3) 000000 ADDODOO e:A—-kDO0ODODODODOO (-)DOODODODOODO 1000
(k)00 B={by=1,by,...,0,; 000000000000 DO0OO S?2=id0O00O0O0O
000000 $S:B—-BOOOOOOO0O0O0O0300000000040 (A,¢,B,5)
00000 (group-like algebra) 0000 (000 ¢,7,k0 000 400000)

(G1) e(bs) = (b)) £0; 0000 b O S(b;) DO OO

(G2) pb, = pt2,.0000 p 0 BOOOOODODD Die, bib; = Y phibs

(G3) pj = bijee(bi).

000000 6000 A(b) =g5k@k 0000040000000 (000000

0000000 o000 ¢, t 0000000 o) =60, t:=>,0000000000

1 1
Z¢ tyb; t(z Z e bZ Z £(b;) plj @ = bj-

=0 =0 Z

0
H

0000(4,6,4,5) 0 bFOO0000(A,¢) 00000 ¥, 45b-®b 00000000
00 v=3,45b+b: 0000000000000

(4)000000k=C(0000)000X ={2,...,2,) 0000000000000
XxX0OO0O0O0O (0000 X00O0)ROOODOOOO0O RO R ={(y,2)|(z,y) € R}
00000000 € X0OO0OO00R(@) ={zeX|(r,2) €eR0000X xX0O (O
0)oo

X xX=RyU---URy

D000 300 (AS1), (AS2), (AS3) 00000000 (X, {Rileics) 0000D00D
00000 (association scheme) 000000000000 ([BI],[Z)O

(AS1) Ry = {(z,2)|z € X}.

(AS2)0 R, 000D0YR)=R, 0000 je{0,....dy 000000
Oj=+000000000 YR;)= Ry, 0 —ODDDDD

goboboooobbbuooooboobod p%DDDD

R, 00000 (adjacency matrix) 0 b, 00000000 b, On=|X|0000000O
00 (i,j) 000 (2,2;) € R 000 10 (2;,2;) ¢ R, 000 00000by=1 (000
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0)0O00 (ASHOb, 00000 (b)) 0 b 000 (AS2)0 00 (AS3) OO

d
bibj =Y _phibr (4,5 =0,....d)
k=0

0000o0ooooon b,...,0000 100000 ADDODO M,(C)ODDODOOOO
0000000 ADDOOO0D000000 (X, {R,}ocics) 00000 Bose-Mesner
0000000000000 (schemering) 0000B = {by,...,0;} 0 ADODDODOOOO
00000 » 000000 10000000 2. 0000000000 00000
O R, 00000 (valency) DODODO

IS A— k, 6(1)1) = a;, S A — A, S(bz) = bi* = t(bz)

000000000000 AD(COOD)0000O0ODOO0ODO00O00O0ODOoOt="by+
---+0, 000000001000 JOOODOe(t)=|X|=nD0O00AO0D0ODOOODODO

1 1
v="I+—"(b)by + -+ — "(bg)by
aq Qq
00000000 A— M,(C)ODO0000 ADDOODOODOOO0OO0O000 e(t)¢O
000000 ¢(b;) = do;0
0000000000000X xX 00000 {(z,2)ls € X} 00OOO0O0DO0O00O
0000000 (0000000000)00000000000000 10 b:=J-1
0000000 JOOOOODOO0 10 (n0)00000(W-1)2=J2-2J+1=
nJ-2J+I=mn-1)I+(n-2)(J-1)000000000000000000
1 b
11 b
blb (n—1)+(n—2)b
eb)=n—1, S=id, v=2+22p0000
23. 0000000 H=(H,¢,t5 0000 bFOOOOOOOOOOODOOOOOOO

HOOOOODOOOOOODOODOOOO0OoOO HOOOOoOOoOO Th=eh)T, Yhe HO
0000 TTeHOO0O00O0O00O RA=¢(h)A, Vhe HOODOOO Ae HO HOOOO

D00O0HOD (0)000000000000 f;(f,)00000000000000
00 [, =/, 00000000H 000 (umimodular) 0000000000000
D000000000000000 f,0000

00 bFOO H*=(H"t,4,5) 0000000

/1; ={y € H | Y y(h1)hy = y(h)1, Vh € H}

D000000vy€ [ © vxf=f(1)y (VfeH) &
> v(h)f(he) = f(L)y(h) (Vf € H*, Vh € H) < > 7y(hi)he = ~y(h)1 (Vh € H).
0000 [y, ={A€ H | X lA(hy) = A(h)1, Vh € H}.

bFOOODODOOOOOO 10bobdobo1o0oboboooouooobobooboo
goo
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00 10([DT), [D1], [D2]) (H,¢,¢,5) 0000 bFOOOOOO
(1)0000000

p—t=c=8"(t) > ¢, ot)=1=¢(S(1)), (2.1)
D hSTH )@t =Y S t)@thh  (heH), (2.2)
> o(hh)S(la) =Y ¢(hal)hy (b, L€ H) (2.3)

(2)0000000000O0OO0OOODOOO

/h::k:t, /Hl:kSl(t), /Hi:kczb, /h:*:k@boSl)_

000 (1) S8 Yot 0 (H,¢) 00000000000(1.2)0(1.4) 00

> 57 t)g(thh) =h =Y ¢(hS7 t))ts  (h € H).

0000 0000 ¢(th) =e(h) = ¢S (t)000000 ¢ —t=c=S5"1(t) = ¢ O
000R=1000000 ¢()=1=¢(S"(t)) 0000
(22)0 (1.3) 0000000 (23) 000000 bFOO H*O (22)000000

D xS )@ =) ST )@k (f€H)
ogoooo

D F@)ga(STH@2))d1(y) = > da(STH (@) () f(ye)  (f € HY, x,y € H)
goooo
Z$1¢ yS™(x2)) Z¢ Y15 (2))y2 (z, y € H).

000 i=8"z), h=yD000D0 (2.3)DDDDDD((2.3)DDDDDDDDDD DT,
Proposition 3.2(a)] 00O .)
(2) 0000 HOO MOO HOO NOODOOO

M?.={me Mm-h=me(h), Vhe H}, “N:={ne Nlh-n=¢(h)n, Vhe H}

000000000 (000000 HOOOO HYOODOOOOOM =H*0000
(H)H =k 00000000000000000000 (21)0 (¢—t)=c0000
HO HOOOO HOOOO 6:H~H, h— (¢~ h) 000000000000
[L=kD00D0.000e=S5"')—¢00 [,=kS"'()000000000D00 bF
00 H*00000000 [, =ke, [4=k@oS)DOOD O

bFOO HOOODODO AO00O0AOOOOOO0O00O00000000000 (00

10(2)000h=ah)t 0000000 acAlg(H,k)00000000 a0 HO
00000000 (right modular function) D00O0H 00000000 a=0000

OO00¢t) =1(21) 000a(h) = ¢la(h)t) = ¢(ht) = (t = ¢)(R)D DO OO
ogoon
OO0 bFOO A*O000000O A(a)=aea®ae 0000 HOO a#000

3 mo(he) =ofta, (e A



000000000000 [a=¢—¢/0000000a=¢(t)a=3 te(ts)=¢— t0

010 (H,¢,t,S)0bFO00De D0 HOOODOODODOODODOO
(1) 00 (a)-(c) DO0DODODOODO
(a) HOOO by te [ (c)t=5().
(2)HODOO = et #0= HOOOO
3)HO ¢0D0O0ODOOODOOOO

N(h) = S‘2<Za(h1)h2> (h € H).

(4) ¢(hl) = ¢(Ih), Vh, l€e H — HOOODODO $2 =id
B) N h@ty=tot, « ¢c [, 00 §? =id.

000 (1) ()= () 0000 = ()0t0000000S () 0000000 (S0

0000)0000000000000SY(t)=A00 Ack00000000000 ¢
DDDDDDD(21)DD A—lDDDDDDDDD STl(t)=¢t0000 S(t)=t00

00(c) = (a)0 [, =kt = kS™( fH
(Z)DDD heHODOO

t(ht) = tta(h) = te(t)a(h), (th)t = tte(h) = te(t)e(h)

000000000 ¢(t)#0000a=¢000 FOOOOOOOOO FOOOOO
e()£000000000000000 ¢(¢)=0000¢=te(t)=0000000kt
00000000000000000000 FOOOOOOOO
(3) (23) 000000

=Y LN (h)S () (by (1.2))
=> ¢(ht1)S™!
= S7%( Z¢ (ht1)S(ts)
20 " d(ht)ha)  (by (2.3))
<Z a(l)hs)  (by o(t) = 1)

4)<)0 (3)000000=)0h=S5" (Z(h h1h2>DDDDDSQ(h):Za(h1)h2

0000000 e0000000e=000000000 $*=id0000
(5)0 () 000000 (H*0 (4)000)0 0

3. 00booobooobooboob

Geck-Pfeiffer 000 [GP]0 7000000000000 00O0OOOOOOOOOO
0000000000000 (o000 0ooooU0UUOD)ooooooDoooOooo
gboboooboobooaooboo

(A,o) DODODOOO (DOOOOO0)DODODOOD) @y, OODOOODOOOOOOO
OO0 f0D000000O0O0O0ODO AODODDODOOODOODOODODAODODOODOOD



Irr(A) 00 000000000000 d¢(ab) =¢(be) 000D a,bc ADDDDDDDDO
00000000000000000000 ¢000000100000000

o= Z %% (ny € k), (3.1)
X€lrr(A)

(ADDDD0DO00000000000000000 7: M(k) — kO 7(ab) = 7(ba) O
000000000000000000000000000000)

xelr(A) 00000000 (00)00000 ¢, 0000000 x, ¢ €hr(A), ac A
000D00Y(aey) = ¢(a)dy, 0000000000000¢(ve,) 0200000000
000000000 v:=Y =y 0 (A,¢) 0000000000

p(vey) =3V Z ny(vey) = nyx(v).
Yelrr(A)

00000 200 ¢vey) = xaley) =x(1)200000000000000000000

00 20 k000000(A,¢) 000000O0ODODOOO0O0ODODOODOOO xelr(A)
gooo

nyx(v) = x(1)* (3.2)
0ooooo

00000 v:=>.51)H 00000 HOOODODOODOOODOO0OODOO0ooooo
ooooon

020 (A,9) 000 000 kO00D0DODODODODODO0OO0O0OCODOODODODOODOOO AO
OO00O0bD0OvyDOO000O0000OkDODODOOO

1
v = E X( )ex, vl = E &ex. (3.3)
Ny x(1)
x€Irr(A) x€Irr(A)

00000000000000000k0000000000000000 0000000
(32) 00 x(v) #0, n, #0 000000000 v 00000000000 =3, (101) Oxex

0000000000 oy € k000000x(0) = ayx(ey) = ayx(1) 0000000 (3.2)

_ x() _ x(1) _ () ()
DDDDa&—an—%;DDDDDDDDDDUTZ%mm%ﬁ&DDDDDDD%;
0000000,v0000000000000 0™ =3, 5856 00000000

00 30 k000 0000000000(A,¢)00000O00DO0ODOOOY ,»®y, 00
gbooboogon

(1)

Cx = Ny Z X(@)y: = f((é}); Z xX(zi)yi. (3.4)
2(000000)y, ¥ er(A) 0000
S ) = 2 (e = b 35)
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000 (24) 0000

Ex =24 Z plexzi)yi = Z ( Z nww(exxi)>yi = Ny ZX(%‘)ZJ

i Yelrr(A)
Oo00D00o0oO0d»OOooo

x(wéxw:=d%€x)==nxjijx(x0¢%y)

O
0o01)n, 000 niD x 00000 Schur element D0O0O0O0[GP] 00 ¢, D000
DDD@%DDD% é;DDDD

(2) 00 (xJ¢) =3, x(v~ @)@Jmmmmmmmmmgmmmmm

_ n n
> X xﬁw@0==§:x(§:;ﬁj%x> =<0 }:x = (x|®).
% % p
000000000000000000000 [D2, Theorem 1.5)0

DDkDDDODDDDDDDDDDD3DDDDDuwy;%Q;Mmm@QDDD

O (xly) =4 wDDDD
()A kG (O )DDDDUZWUDDD

(x|e) = }:x

mGG
(%DDDDDDDDDDDDHDDDDDDODDDDDDDDS%ﬂdDDDDD
arson-Radford 000! D00DO0DO00DO0DO M OOD)000OOO00O 1
)()DDDDDDO%¢GJZDDDD(H@)DDDDDDDDDDDv:g@ID

() = Zx () = % S ()9 (S(1))

(3) 000 bFOO (H,gb,t,S)DDDDDDDDDDDDD S?’=¢d 000000000
00000000000 $?=id0000 ¢000000000000v=>_5"t2)ts
good

(L
O
O

|:|A

() = % 3 X5 (t))i (1),

(400000 (4,6,B={b,...,bs},5) 0000A00O0000000 v =31, bib
00000000000000

d
XW-—£L§: ! b(by).

’U 6
=0 Z

COO0O00000 (Ae,B={b,....b},S)000000000000000000
000000AO000000 (scheme type) 010 000000000000000000
0000000000000000000000000000000000000000

ooogod pz O0000oooo (), =eb;) 000D0)0D000DO0O0OOOOODOOO
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gboogodbooboboobbooobuooooboobbooboobbooboon
gooboooooood

00 40 (A,e,B,S)0 COO0D0O0ODOOOODOO ¢b,) 00000000 DOOODOOOOO
AD0DDODOOOOOOOD ADODODOOOOOOOOOO (02000 ADDOOOOO

0000000000 x000 my=e(tn, =X 00000000000 x(v) 0O
0oo

000 ADDDDD z2=Y0C AN, 00007:=Y¢ A 00000000XN 0 A
000000000z#000 2S@) #000000000000

S(xS(T) =D NAple = > Aidje(b)di; = > Aidie(bi) > 0
2,] 7,7 i

00000000000 «8(77)#0000000 AODODODODODOOOOOOOOO (Ja-
cobson) 00 JOOODOOODOODOOUOOOOOOOz#A0eJ0O000y:=25(7)€J
00000000000y 00000000

S@) = S@S@) = S(@S(x)) = $*(x)S(F) = 2S(7) = y

000000y =yS@y) £00000000000000000 y"£00000000

mOI00000O0000O00 JOOOOOOOOOO0O0O0000000000000 4

oooooooo
OD000ADO0D00D0000000ADDOO0O (00)0000 e(t)d =Y ecquma) €)X

gboboooboboboooobo ad

00003000 S=id000000000000000000(D2)o00ooon
p.g,f€CO00 AP (3)000000

AT (31 b, by
1 1 b, by
bi |b1 p+(p—1—PBq)bi + Bpbs Babi + (p — Bp)bs
by | by Baby + (p — Bp)bs q+(q—Bq)bi+(qg—1—p+ Bp)b,

e(by) = p, e(b) = q, v =3+ 2Ly 4 ep ety
g=00000000000000DO0ODO0O0OODODODODOODOODOO0

A (3)[1 by by | xw) | my
€ 1 p q p+qg+1 1
Y1 1 —1 0 1%1 p(pl;:‘_lf‘l)
1 1
X2 1 P —1—= P (r+ )(Zq’+qu ) zﬁ

p,g€N, p<¢O00D00000 4000A4%,3) 00000000 p+1|¢000
D0000000000000000000000000 GDGL+1,p+1)0000

00 ([B, Example 2.2)0 00000 p+1000000000000000 -4 +10

O0000000000000 X000 (X|=p+¢q+1000)0XxX0O 300
Ry ={(z,z)|lxr € X}O Ry = {(z,y)|z # v, :Li,lyDDDDDD ORy, = (RyURy)* (ODODO)



goobbobobbbooooooooobobon Ag’q(3)DDDDDDDDDDDDDD
goobodgog

0
A (3)0D00000 < p+1]q

ooon

OO00000000 Frobenius-Schur OO OO0 0000OO0OO0OO0O0O bFODO
00000000000 (0000000000000 0oooooo0 M) ooooo
gbooodgbbogbbogbboobbobobboobogbboobbooooon
gbobobooogbbbooooboboooon
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