AN INTRODUCTION TO NONCOMMUTATIVE ALGEBRAIC GEOMETRY

IZURU MORI

Abstract. There are several research fields called noncommutative algebraic geometry. In this note, we will introduce the one founded by M. Artin. Roughly speaking, in this research field, we study noncommutative algebras using ideas and techniques of algebraic geometry. Since classification of low dimensional schemes is one of the most active projects in algebraic geometry, classification of low dimensional noncommutative schemes is the main project in noncommutative algebraic geometry. In fact, since noncommutative projective curves were classified by Artin and Stafford, one of the most active projects in this field is to classify noncommutative projective surfaces. In this note, we will focus on the classification of the simplest noncommutative projective surfaces, namely, quantum projective planes, due to Artin, Tate, and Van den Bergh. We will also relate this project to the study of Frobenius Koszul algebras.

1. Overview

1.1. Motivations. In this note, we fix a field k. An algebra always means an algebra finitely generated over k, and a scheme always means a scheme of finite type over k. That is, every algebra is of the form R = T (V )/I where V is a finite dimensional vector space over k, T (V ) is the tensor algebra on V over k, and I is a two-sided ideal of T (V ). By choosing a basis {x_1, . . . , x_n} for V over k, we may also write R = k⟨x_1, . . . , x_n⟩/I where k⟨x_1, . . . , x_n⟩ is the free algebra on {x_1, . . . , x_n} over k. In particular, if R is commutative, then we may write R = S(V )/I = k[x_1, . . . , x_n]/I where S(V ) is the symmetric algebra on V over k and k[x_1, . . . , x_n] is the polynomial algebra on {x_1, . . . , x_n} over k. A scheme of finite type over k is a scheme which can be covered by a finite number of affine schemes of commutative algebras finitely generated over k. We denote by Mod R the category of right R-modules, and by mod R the full subcategory of Mod R consisting of finitely generated ones.

Our impossible dream is to classify all algebras. Following algebraic geometry or algebraic topology, it is natural to start classifying algebras of low dimensions. Depending on the research fields, there are several candidates for which dimension function of an algebra we should use for this purpose. Since we follow the ideas of algebraic geometry, we use Gelfand-Kirillov dimension (GKdimension) defined below.

Definition 1. Let R = T (V )/I be an algebra and R_n = (k + V )^n the standard filtration of R. We define the Gelfand-Kirillov dimension (GKdimension) of R by

GKdim R = lim sup_{n→∞} log(dim_k R_n)/ log n.

If R is a commutative algebra, then GKdim R = Kdim R, the Krull dimension of R.

Let R be an algebra. Since GKdim R = 0 if and only if R is finite dimensional over k, classifying all algebras of GKdimension 0 is the same as classifying all artinian algebras, which is already an impossible dream even in the commutative case. There are two natural directions to proceed:

(1) Classify only nice algebras. The concept “nice” largely depends on the research fields. For example, in representation theory of finite dimensional algebras, classifying all Frobenius (self-injective) algebras is active.

(2) Classify algebras up to something weaker than isomorphism. This also depends on the research fields. For example, in representation theory of finite dimensional algebras, classifying algebras up to Morita equivalence, derived equivalence, stable equivalence, etc. is active.

In noncommutative algebraic geometry, we follow ideas of algebraic geometry. So we will first review the classification problem in algebraic geometry.

1.2. Commutative Algebras. Recall that every commutative algebra is of the form R = k[x_1, . . . , x_n]/I. Roughly speaking, the affine scheme associated to R is defined as a set by

X = Spec R = V(I) := {p = (a_1, . . . , a_n) ∈ k^n | f(p) = 0 for all f ∈ I}

endowed with some topology, called Zariski topology, together with the sheaf of algebras O_X on it, called the structure sheaf. Note that if I = (f_1, . . . , f_m) where f_1, . . . , f_m ∈ k[x_1, . . . , x_n], then

V(I) = {p = (a_1, . . . , a_n) ∈ k^n | f_1(p) = · · · = f_m(p) = 0}.

There are close relationships between an algebra R and a topological space Spec R. For example:

(1) Kdim R = dim Spec R.

(2) R is an integral domain if and only if Spec R is (reduced and) irreducible, that is, it is not a union of a finite number of smaller schemes. Such a scheme is often called an affine variety.

(3) R is regular if and only if Spec R is smooth, that is, it has no singularities.

We have the following lemma.

Lemma 2. Let R, R^′ be commutative algebras. Then

R ∼= R^′ ⇐⇒ Mod R ∼= Mod R^′ ⇐⇒ Spec R ∼= Spec R^′.

It follows that:

Classifying commutative algebras integral domains regular algebras of Krull dimension d

up to isomorphism

⇐⇒ Classifying commutative algebras integral domains regular algebras of Krull dimension d

up to Morita equivalence

⇐⇒ Classifying affine schemes varieties smooth schemes of dimension d

up to isomorphism.

The following example suggests that the third classification is easiest.

Example 3. Let

• R = R[x, y]/(x^3 − y^2). • R^′ = R[x, y]/(x^3 + x^2 − y^2).

• R^{′′} = R[x, y]/(x^2 − 2xy − y^3 + 3y^2 − y).

It is not easy to find an algebra homomorphism between the above algebras nor a functor between modules categories over the above algebras. However, it is easy to see that • Spec R = V(x^3 − y^2) is a cuspidal curve. • Spec R^′ = V(x^3 + x^2 − y^2) is a nodal curve. • Spec R^{′′} = V(x^2 − 2xy − y^3 + 3y^2 − y) is a nodal curve.

In fact, using algebraic geometry, we can show that

Spec R ≁= Spec R^′ ∼= Spec R^{′′}.

As we have already mentioned, it is too difficult to classify all commutative algebras even of dimension 0, so it is too difficult to classify all affine schemes of dimension 0. In the classification of schemes in algebraic geometry, it is acceptable to assume that k is algebraically closed because classification problems become far more difficult if we do not assume so. It is also reasonable to classify only irreducible schemes (varieties) because every scheme is a finite union of irreducible ones. In dimension 0, there is only one affine variety up to isomorphism, namely a single point, or there is only one integral domain up to isomorphism, namely k itself. To classify higher dimensional ones, there are again two directions to proceed:

(1) Add more conditions on a scheme, namely, classify only smooth projective schemes. (2) Classify schemes up to something weaker than isomorphism, namely, classify schemes up to birational equivalence.

We will explain both methods as below.

(1) Classification of smooth projective schemes. Unfortunately, classifying all smooth affine schemes of low dimensions is not yet easy. In algebraic topology, it is far easier to classify only compact surfaces than to classify arbitrary surfaces. In this principle, we want to classify only “compact” schemes. One way to proceed is to “compactify” affine schemes to make them projective schemes. A basic process is as follows.

Definition 4. An algebra A is graded if it is endowed with a k-vector space decomposition A = ⊕_{i∈Z}A_i such that A_iA_j ⊆ A_{i+j} for all i, j ∈ Z. Elements of A_i are called homogeneous of degree i. A right A-module M is graded if it is endowed with a k-vector space decomposition M = ⊕_{i∈Z}M_i such that M_iA_j ⊆ M_{i+j} for all i, j ∈ Z. We denote by GrMod A the category of graded right A-modules, and by grmod A the full subcategory of GrMod A consisting of finitely generated ones.

In this note, a graded algebra always means a graded algebra finitely generated in degree 1 over k, that is, A_i = 0 for all i < 0, A_0 = k, and A_i = A_1 · · · A_1 (i-factors) for all i ≥ 1. Typical examples are the tensor algebra T (V ) where T (V )_i = V^{⊗i}, and a polynomial algebra k[x_1, · · · , x_n] where k[x_1, · · · , x_n]_i = { homogeneous polynomials of degree i} ∪ {0}. In fact, every graded algebra is of the form A = T (V )/I where I is a homogeneous two-sided ideal of T (V ), that is, I is generated by homogeneous elements of T (V ). Again, by choosing a basis {x_1, . . . , x_n} for V over k, we may also write A = k⟨x_1, . . . , x_n⟩/I. In particular, if A is commutative, then we may write A = k[x_1, . . . , x_n]/I where I is a homogeneous ideal of k[x_1, . . . , x_n], that is, I is generated by (finitely many) homogeneous polynomials.

Recall that the projective space is defined by P^{n−1} = (k^n \ {(0, . . . , 0)})/ ∼ where (a_1, . . . , a_n) ∼ (λa_1, . . . , λa_n) for all λ ∈ k \ {0}. For example, (a, b) = (c, d) in P^1 if and only if ad = bc. Let A = k[x_1, . . . , x_n]/I be a commutative graded algebra where I is a homogeneous ideal of k[x_1, . . . , x_n]. Roughly speaking, the projective scheme associated to A is defined as a set by

X = Proj A = V(I) := {p = (a_1, . . . , a_n) ∈ P^{n−1} | f(p) = 0 for all homogeneous f ∈ I}

endowed with some topology, called Zariski topology, together with the sheaf of algebras O_X on it, called the structure sheaf. Note that if I = (f_1, . . . , f_m) where f_1, . . . , f_m ∈ k[x_1, . . . , x_n] are homogeneous polynomials, then

V(I) = {p = (a_1, . . . , a_n) ∈ P^{n−1} | f_1(p) = · · · = f_m(p) = 0}.

Given a commutative algebra R, we can always homogenize the relations of R by adding one more generator t to make it a graded algebra R̃ generated in degree 1, so we can take Proj R̃ as examples below. Moreover, we can recover the original algebra from R̃ by R ∼= (R̃[t^{−1}])_0. Although Proj R̃ is hardly compact in Zariski topology, it somehow behaves like a compact manifold in algebraic topology. Since Spec R is open and dense in Proj R̃, this process looks like a compactification of Spec R.

Example 5. Let

• R = R[x, y]/(x^2 − y) so that Spec R = V(x^2 − y) is a parabola. • R^′ = R[x, y]/(xy − 1) so that Spec R^′ = V(xy − 1) is a hyperbola. • R^{′′} = R[x, y]/(x^2 + y^2 − 1) so that Spec R^{′′} = V(x^2 + y^2 − 1) is a circle.

It follows that none of the above affine schemes are isomorphic to one another. However,

• R̃ = R[x, y, t]/(x^2 − yt) so that Proj R̃ = V(x^2 − yt) becomes a circle by adding one point (0, 1, 0) ∈ P^2.

• R̃^′ = R[x, y, t]/(xy − t^2) so that Proj R̃^′ = V(xy − t^2) becomes a circle by adding two points (0, 1, 0), (1, 0, 0) ∈ P^2.

• R̃^{′′} = R[x, y, t]/(x^2 + y^2 − t^2) = R[x, y, t]/(x^2 − (y + t)(−y + t)) so that Proj R̃^{′′} = V(x^2 + y^2 − t^2) is a circle as before.

It follows that Proj R̃ ∼= Proj R̃^′ ∼= Proj R̃^{′′}.

(2) Classification of schemes up to birational equivalence. The second method is as follows:

Definition 6. We say that two (affine or projective) varieties X and Y are birationally equivalent if there are open dense subsets U ⊂ X and V ⊂ Y such that U ∼= V .

If R is an integral domain, then we can construct the field of quotients Q(R) = {ab^{−1} | a, b ∈ R, b ≠ 0} of R, which is an extension field of k. We define the function field of X = Spec R by k(X) = Q(R). If A is a graded integral domain, then we can construct Q_{gr}(A)_0 = {ab^{−1} | a, b ∈ A are homogeneous of the same degree, b ≠ 0}, which is an extension field of k. We define the function field of X = Proj A by k(X) = Q_{gr}(A)_0.

Theorem 7. Two (affine or projective) varieties X and Y are birationally equivalent if and only if k(X) ∼= k(Y ).

That is, two affine varieties Spec R and Spec R^′ are birationally equivalent if and only if Q(R) ∼= Q(R^′). It follows that classifying all varieties of dimension d up to birational equivalence is the same as classifying all extension fields of transcendence degree d.

Example 8. If R = k[x, y]/(x^3 − y^2), then the map

V(x^3 − y^2) \ {(0, 0)} → k \ {0}; (a, b) → b/a

is an isomorphism. If R^′ = k[x, y]/(x^3 + x^2 − y^2), then the map

V(x^3 + x^2 − y^2) \ {(0, 0)} → k \ {0}; (a, b) → b/a

is an isomorphism. So Spec R, Spec R^′, Spec k[t] are all birationally equivalent. In fact, Q(R) ∼= Q(R^′) ∼= k(t).

By resolution of singularities, every variety is birationally equivalent to a smooth projective scheme, so classifying all varieties up to birational equivalence is weaker than classifying all smooth projective schemes up to isomorphism. However, in dimension 1, they are the same in the sense below. From now on, we will call a variety of dimension 1 a curve, and a variety of dimension 2 a surface.

Theorem 9. For each curve X, there exists a unique smooth projective curve up to isomorphism which is birationally equivalent to X.

It is a common agreement that the classification of curves had been completed in a sense that, for a each curve, there is a birational invariant g, called a genus. For each genus g, there is a variety M_g, called the variety of moduli of curves of genus g such that dim M_g =

0 if g = 0 1 if g = 1 3g − 3 if g ≥ 2, which parameterizes all smooth projective curves of genus g. In dimension 2, these two classifications are not the same. In fact, classifying all smooth projective surfaces up to isomorphism is difficult. On the other hand, the classification of surfaces up to birational equivalence is considered to be successful in a sense that, for each surface, there is a unique special surface, called the minimal model, which is birationally equivalent to it, except for a rational surface (a surface birationally equivalent to P^2), and a birationally ruled surface (a surface birationally equivalent to P^1 ×C where C is a curve). For these two exceptions, minimal models are not unique, but they are well-known. A minimal model is important since every surface can be obtained by blowing-up a minimal model several times.

1.3. Noncommutative Projective Varieties. Now we turn to noncommutative algebras. Since classification of low dimensional varieties has been successful in algebraic geometry, we would like to classify noncommutative algebras (varieties) of low dimensions, following ideas and techniques of algebraic geometry. As in the commutative case, we restrict ourselves to domains over an algebraically closed field k. It is easy to see that the only domain of GKdimension 0 is k. The following theorem due to Small and Warfield is rather surprising.

Theorem 10. [17] Every finitely generated domain of GKdimension 1 is commutative.

The above theorem says that every noncommutative affine curve is in fact commutative. It is already too difficult to classify all domains of GKdimension 2. Since every noncommutative algebra can be homogenized as in the commutative case (see examples below), we will focus on graded algebras, and classify their associated projective schemes.

In modern algebraic geometry, the category Mod O_X of quasi-coherent O_X -modules play an essential role to study scheme X. In fact, every scheme X determines and is determined by the category Mod O_X by Rosenberg [15], so it is reasonable to identify a scheme X with the category Mod O_X . The following classical result is due to Serre.

Theorem 11. [16] If A is a commutative graded algebra finitely generated in degree 1 over k and X = Proj A, then

Mod O_X ∼= GrMod A/ Fdim A

where Fdim A is the full subcategory of GrMod A consisting of direct limits of finite dimensional modules over k.

The following definition of a noncommutative projective scheme due to Artin and Zhang was motivated by the above result.

Definition 12. [5] Let A be a graded algebra. We define a noncommutative projective scheme associated to A by the quotient category

Proj A := GrMod A/ Fdim A.

If A is a noetherian graded domain, then we define the function field of X = Proj A by

k(X) := Q_{gr}(A)_0 = {ab^{−1} | a, b ∈ A are homogeneous of the same degree, b ≠ 0}.

As usual, we define proj A := grmod A/ fdim A where fdim A is the full subcategory of grmod A consisting of finite dimensional modules over k. Roughly speaking, objects in proj A are the same as those in grmod A, but two modules M, N ∈ grmod A are isomorphic in proj A if and only if M_{≥n} ∼= N_{≥n} in grmod A for some n. Note that k(X) is a division algebra over k. We have the following lemma.

Lemma 13. Let A, A^′ be noetherian graded domains, and X = Proj A, X^′ = Proj A^′. Then

A ∼= A^′ =⇒ GrMod A ∼= GrMod A^′ (graded Morita equivalent) =⇒ X ∼= X^′ =⇒ k(X) ∼= k(X^′) (birationally equivalent).

This implies that there are four levels of classifying noetherian graded domains. If A is a noetherian graded domain of GKdimension 2, then it is reasonable to call Proj A a noncommutative projective curve. Artin and Stafford [3] classified noncommutative projective curves in this sense as follows.

Let A be a noetherian graded domain of GKdimension 2, X = Proj A, and K = Z(k(X)), the center of k(X). Potentially, there are two possibilities, either tr. deg_k K = 0 or tr. deg_k K = 1, however, since GKdim k(X) = 1, it follows that k(X) is finite dimensional over its center K by Small and Warfield [17], so tr. deg_k K = 1 and k(X) ∈ Br(K), the Brauer group of K. Since k is algebraically closed, k(X) = K by Tsen’s theorem. By the classification of commutative curves, there exists a curve E such that k(X) ∼= K ∼= k(E). It says that every noncommutative projective curve is birationally equivalent to a commutative curve. Surprisingly, more is true.

Theorem 14. [3] If A is a graded domain of GKdimension 2 generated in degree 1, then A is noetherian. Moreover, there is a pair (E, σ) where E is a curve, and σ ∈ Aut E such that A_n ∼= H^0(E, L ⊗_E σ^∗L ⊗_E · · · ⊗_E (σ^{n−1})^∗L) for all n ≫ 0 where L = O_E(1) is an ample invertible sheaf on E. In particular, Proj A ∼= Mod O_E.

The above theorem says that every noncommutative projective curve is isomorphic to a commutative curve, so the classification of noncommutative projective curve can be regarded as settled. We will see later that a geometric pair (E, σ) above play an essential role in classifying higher dimensional noncommutative projective schemes.

If A is a noetherian graded domain of GKdimension 3, then it is reasonable to call Proj A a noncommutative projective surface. The classification of noncommutative projective surfaces is wide open even up to birational equivalence, which is the same as the classification of division algebras of transcendence degree 2. Here is a conjecture due to Artin (slightly modified by the author).

Conjecture 15. [1] Let A be a noetherian graded domain of GKdimension 3, X = Proj A, and K = Z(k(X)).

(1) (quantum rational surface) If tr. deg_k K = 0 so that K = k, then k(X) ∼= K(q-P^2) where q-P^2 is a quantum projective plane defined later.

(2) (birationally quantum ruled surface) If tr. deg_k K = 1 so that there is a curve E such that K ∼= k(E), then k(X) ∼= K(t; σ) for some σ ∈ Aut K (or σ ∈ Aut E).

(3) If tr. deg_k K = 2 so that there is a surface S such that K ∼= k(S), then k(X) ∈ Br(K), that is, k(X) is finite dimensional over K.

Although classification of noncommutative projective surfaces is nowhere in sight, many important techniques to classify commutative surfaces has been extended to noncommutative settings:

(1) Serre’s duality [6], [23]. (2) Intersection theory [7], [14]. (3) Riemann-Roch theorem [7], [9]. (4) Blowing up [21].

In the next section, we will focus on the classification of the simplest noncommutative surfaces called quantum projective planes.

2. Quantum Projective Planes

2.1. AS-regular Algebras. The simplest surface in algebraic geometry is the affine plane, which is Spec k[x, y], so the simplest noncommutative surfaces must be a “quantum” affine plane, which should be “Spec R”, where R is a noncommutative analogue of k[x, y]. There are some noncommutative algebras analogous to k[x, y] such as:

• R = k⟨x, y⟩/(xy − αyx) where α ∈ k \ {0} (a skew polynomial algebra). • R^′ = k⟨x, y⟩/(xy − yx − x) (the enveloping algebra of the 2-dimension non-abelian Lie algebra).

• R^{′′} = k⟨x, y⟩/(xy − yx − 1) (the 1st Weyl algebra).

All of the above algebras are regular algebras of GKdimension 2. Although these algebras can be regarded as coordinate rings of a “quantum” affine plane, we do not have a precise definition of it yet. As in the commutative case, we can homogenize any algebras. For example:

• R̃ = k⟨x, y⟩[z]/(xy − αyx) = k⟨x, y, z⟩/(xy − αyx, yz − zy, zx − xz). • R̃^′ = k⟨x, y⟩[z]/(xy − yx − xz) = k⟨x, y, z⟩/(xy − yx − xz, yz − zy, zx − xz). • R̃^{′′} = k⟨x, y⟩[z]/(xy − yx − z^2) = k⟨x, y, z⟩/(xy − yx − z^2, yz − zy, zx − xz).

All of the above algebras are regular graded algebras of GKdimension 3 and of global dimension 3. Since the only commutative regular graded algebra is the polynomial algebra, it may be reasonable to define a “quantum” projective space of dimension d as Proj A for some regular graded algebra of gldim A = d + 1. It is easy to see that the only regular graded algebra of gldim A = 0 is k. However, since the global dimension of a free algebra k⟨x_1, . . . , x_n⟩ is 1, we must add some additional conditions on a regular graded algebra to make the definition more reasonable. Although the conditions such as A is noetherian and A is a domain are most reasonable, it turns out that these conditions are very difficult to check in practice. One of the ingenuous ideas of Artin and Schelter was to define AS-regular algebras as below and classify them up to dimension 3.

Definition 16. [2] A graded algebra A is called a d-dimensional AS-regular algebra if (1) gldim A = d < ∞. (2) GKdim A < ∞.

(3) A satisfies Gorenstein condition, that is, dim_k Ext^i_A(k, k) < ∞ for all i, and Ext^i_A(k, A) = { k if i = d, 0 if i ≠ d.

If A is a (d + 1)-dimensional quadratic AS-regular algebra, then we call Proj A a ddimensional quantum projective space. In particular, if A is a 3-dimensional quadratic AS-regular algebra, then we call Proj A a quantum projective plane.

Let A be a graded algebra. The opposite graded algebra of A is denoted by A^o and the enveloping graded algebra of A is denoted by A^e = A^o ⊗_k A. A graded left A-module will be identified with the graded right A^o-module, and a graded A-A bimodule will be identified with a graded right A^e-module. Then Gorenstein condition above is equivalent to the following condition: if 0 → F_d → F_{d−1} → · · · → F_1 → F_0 → k → 0 is the minimal free resolution of k ∈ GrMod A, then F_i ∈ grmod A and 0 → F^∨_0 → F^∨_1 · · · → F^∨_{d−1} → F^∨_d → k → 0 is the minimal free resolution of k ∈ GrMod A^o where F^∨_i := Hom_A(F_i, A) ∈ grmod A^o.

Classifying AS-regular algebras up to dimension 2 is easy.

Lemma 17. Let A be an AS-regular algebra.

(1) gldim A = 1 if and only if A ∼= k[x].

(2) If gldim A = 2, then A ∼= k⟨x, y⟩/(αx^2 + βxy + γyx + δy^2) where (α, β, γ, δ) ∈ P^3. Conversely, if A ∼= k⟨x, y⟩/(αx^2 + βxy + γyx + δy^2), then: αδ − βγ ≠ 0 αδ − βγ = 0 but β ≠ γ αδ − βγ = 0 and β = γ gldim A 2 2 ∞ GKdim A 2 2 ∞ noetherian Yes No No domain Yes No No Gorenstein condition Yes No No

Question 18. Let A be a graded algebra such that gldim A < ∞ and GKdim A < ∞. Then A is noetherian if and only if A is a domain if and only if A satisfies Gorenstein condition?

2.2. Geometric Algebras. Artin, Tate and Van den Bergh [4] classified all 3-dimensional AS-regular algebras using geometric techniques. Recall that every graded algebra generated in degree 1 is of the form A = T (V )/I. A homogeneous element f ∈ I_i ⊂ V^{⊗i} defines a linear map f : (V^{⊗i})^∗ ∼= V^{∗⊗i} → k where V^∗ is the k-vector space dual of V , or equivalently a multilinear form f : V^{∗×i} → k, so we may define a sequence of schemes Γ_i := V(I_i) = {(p_1, . . . , p_i) ∈ P(V^∗)^{×i} | f(p_1, . . . , p_i) = 0 for all f ∈ I_i}.

If π_i : Γ_{i+1} → Γ_i is the projection map onto the first i coordinates, then (Γ_i, π_i) is an inverse system of schemes. We define the point scheme of A by taking the inverse limit Γ := lim←− Γ_i.

Example 19. If A = T (V ) is the tensor algebra, then Γ_i = V(0) = P(V^∗)^{×i}, so the point scheme of A is Γ ∼= P(V^∗)^{×∞}.

Example 20. On the other hand, if A = S(V ) = k[x_1, . . . , x_n] is the polynomial algebra, then Γ_i = {(p, p, . . . , p) ∈ P(V^∗)^{×i} | p ∈ P(V^∗)}, so the point scheme of A is Γ ∼= P(V^∗).

Example 21. In fact, if A = S(V )/I is a commutative graded algebra generated in degree 1, then Γ_i = {(p, p, . . . , p) ∈ P(V^∗)^{×i} | p ∈ Proj A} for all i ≫ 0, so the point scheme of A is Γ ∼= Proj A.

Example 22. If A is artinian, then Γ_i = ∅ for all i ≫ 0, so the point scheme of A is Γ = ∅.

Question 23. [4] If A is a noetherian finitely presented graded algebra, then does lim←− Γ_i converge?

To simplify the story, we will focus on only quadratic algebras. A quadratic algebra is of the form A = T (V )/(R) where R ⊂ V ⊗_k V is a subspace and (R) is the two-sided ideal of T (V ) generated by R.

Definition 24. A quadratic algebra A = T (V )/(R) is called geometric if there is a pair (E, σ) where E ⊆ P(V^∗) is a scheme and σ ∈ Aut E is an automorphism such that G1 Γ_2 = {(p, σ(p)) ∈ P(V^∗) × P(V^∗) | p ∈ E}. G2 R = {f ∈ V ⊗_k V | f(p, σ(p)) = 0 for all p ∈ E}.

If A satisfies the condition (G1), then A determines a geometric pair (E, σ), which is written as P(A) = (E, σ). In this case, Γ_i = {(p, σ(p), . . . , σ^{i−1}(p)) ∈ P(V^∗)^{×i} | p ∈ E} for all i ≥ 2, so the point scheme of A is Γ ∼= E. If A satisfies the condition (G2), then A is determined by a geometric pair (E, σ), which is written as A = A(E, σ).

Classifying geometric algebras is equivalent to classifying geometric pairs in the following sense.

Theorem 25. Let A = T (V )/(R) = A(E, σ), A^′ = T (V^′)/(R^′) = A(E^′, σ^′) be geometric algebras. Then A ∼= A^′ if and only if there is an isomorphism τ : E → E^′ which extends to an isomorphism τ̄ : P(V^∗) → P(V^{′∗}) such that the diagram

E^τ−−−→ E^′ σ σ^′

E^τ−−−→ E^′ commutes.

Although the definition is technical, many noetherian quadratic algebras are geometric.

Example 26. If A is a commutative quadratic domain, then A = A(Proj A, Id) is geometric.

Example 27. Let A = k⟨x, y⟩/(f) where

f = αx^2 + βxy + γyx + δy^2, (α, β, γ, δ) ∈ P^3. Then

(p, q) = ((a, b), (c, d)) ∈ Γ_2 = V(f) ⊆ P^1 × P^1 ⇐⇒ f(p, q) = αac + βad + γbc + δbd = 0 ⇐⇒ (βa + δb)d = (−αa − γb)c ⇐⇒ ( c d ) = ( βa + δb −αa − γb ) = ( β δ −α −γ ) ( a b ) in P^1

⇐⇒ q = σ(p) where p ∈ P^1 and σ = ( γ δ −α −β ) . It follows that

A satisfies (G1)

⇐⇒ σ ∈ Aut P^1 = PGL(2, k) = GL(2, k)/ ∼ ⇐⇒ det σ = αδ − βγ ≠ 0.

In fact, A = A(P^1, σ) is geometric if and only if αδ − βγ ≠ 0. It follows that A is a 2-dimensional AS-regular algebra if and only if A = A(P^1, σ) is a geometric algebra for some σ ∈ Aut P^1.

Using geometric pairs, 3-dimensional AS-regular algebras were also classified by Artin, Tate, and Van den Bergh. We state their theorem only in the quadratic case.

Theorem 28. [4] Let A be a quadratic algebra. Then A is a 3-dimensional AS-regular algebra if and only if A ∼= A(E, σ) where

(1) E = P^2 and σ ∈ Aut P^2, or (2) E ⊆ P^2 is a cubic divisor, that is, E = V(f) for some f ∈ S(V )_3, and σ ∈ Aut E such that σ^∗L ≁= L but (σ^2)^∗L ⊗_E L ∼= σ^∗L ⊗_E σ^∗L where L = O_E (1) is the very ample invertible sheaf on E.

Let A = A(E, σ) be a 3-dimensional quadratic AS-regular algebra. The following is a list of possibilities for E: (1) P^2. (2) triple lines. (2) union of a double line and a single line. (3) three lines meeting at one point. (4) a triangle. (5) a line and a conic meeting at one point. (6) a line and conic meeting at two points. (7) an elliptic curve.

Example 29. If A = k⟨x, y, z⟩/(zy − αyz, xz − βzx, yx − γxy) where α, β, γ ∈ k \ {0}, then A is a 3-dimensional quadratic AS-regular algebra such that E = { P^2 if αβγ = 1, V(xyz) ⊂ P^2 (a triangle) if αβγ ≠ 1.

Example 30. Let A = k⟨x, y, z⟩/(αyz + βzy + γx^2, αzx + βxz + γy^2, αxy + βyx + γz^2). For a generic choice of α, β, γ ∈ k \{0}, A is a 3-dimensional quadratic AS-regular algebra such that E = V(αβγ(x^3 + y^3 + z^3) − (α^3 + β^3 + γ^3)xyz) ⊂ P^2 is an elliptic curve, and σ is given by the translation by the point (α, β, γ) ∈ E in the group law on E. In this case, A is called a 3-dimensional Sklyanin algebra.

Unfortunately, there exists a 4-dimensional quadratic AS-regular algebra which does not satisfy (G2) (see [20]), however, almost all known examples of 4-dimensional quadratic AS-regular algebras are geometric.

For geometric algebras, graded Morita equivalence can be characterized in terms of their geometric pairs.

Theorem 31. [10] Let A = T (V )/(R) = A(E, σ), A^′ = T (V^′)/(R^′) = A(E^′, σ^′) be geometric algebras. Then GrMod A ∼= GrMod A^′ if and only if there is a sequence of isomorphisms τ_n : E → E^′ which extend to isomorphisms τ̄_n : P(V^∗) → P(V^{′∗}) such that the diagram E^{τn}−−−→ E^′ σ σ^′

E^{τn+1}−−−→ E^′ commute for all n ∈ Z.

3. Frobenius Koszul Algebras

3.1. Koszul Algebras. So far, it seems that there is no connection between two research fields, noncommutative algebraic geometry and representation theory of finite dimensional algebras because the projective schemes associated to any graded algebra finite dimensional over k is empty. However, we will see that some of the ideas and techniques of noncommutative algebraic geometry can be transferred to the study of Frobenius Koszul algebras via Koszul duality.

Definition 32. Let A be a graded algebra. A linear resolution of M ∈ GrMod A is a free resolution of the form

· · ·^{[v} (2) ij ]·

−−−→ ⊕A^{[v} (1) ij ]·

−−−→ ⊕A^{[v} (0) ij ]·

−−−→ ⊕A → M → 0 where v^{(k)}_{ij} ∈ V = A_1 for all i, j, k. We say that A is Koszul if k := A/A_{≥1} has a linear resolution.

It is known that if A is Koszul, then A = T (V )/(R) is quadratic, and its quadratic dual A^! = T (V^∗)/(R^⊥ ) where R^⊥ := {λ ∈ V^∗ ⊗_k V^∗ | λ(r) = 0 for all r ∈ R} is also Koszul, which is called the Koszul dual of A.

Example 33. The following algebras are Koszul.

• A free algebra. For example, A = k⟨x, y⟩ ⇐⇒ A^! ∼= k⟨x, y⟩/(x^2, xy, yx, y^2).

• A skew polynomial algebra, and a skew exterior algebra. For example, A = k⟨x, y⟩/(xy − αyx) ⇐⇒ A^! ∼= k⟨x, y⟩/(x^2, αxy + yx, y^2).

• A monomial quadratic algebra. For example, A = k⟨x, y⟩/(x^2, xy) ⇐⇒ A^! ∼= k⟨x, y⟩/(yx, y^2).

Let A be a graded algebra. The complexity of A is defined by c_A := GKdim(⊕ Ext^i_A(k, k)). This section was motivated by the following result due to Smith.

Theorem 34. [18] Let A be a graded algebra. Then A is Frobenius Koszul of c_A < ∞ if and only if A^! is AS-regular Koszul.

It follows that classifying all AS-regular Koszul algebras of GKdimension d is equivalent to classifying all Frobenius Koszul algebras of complexity d. We will see below that there are four levels of classification.

As in the commutative case, a dualizing complex defined below plays an essential role in noncommutative algebraic geometry. We define the i-th local cohomology of M ∈ GrMod A by H^i_m(M) = lim_{n→∞} Ext^i_A(A/A_{≥n}, M) ∈ GrMod A.

For an abelian category C, we denote by D^b(C) the category of bounded complexes in C.

Definition 35. [22] Let A be a graded algebra. A bounded complex D ∈ D^b(GrMod A^e) of graded A-A bimodules is called dualizing if it satisfies the following conditions:

(1) D has finite injective dimension over A and over A^o. (2) D is a complex of modules finitely generated over A and over A^o. (3) There are isomorphisms of graded A-A bimodules

Ext^i_A(D, D) ∼= Ext^i_Ao (D, D) ∼= { A if i = 0 0 if i ≠ 0.

A dualizing complex D over A is called balanced if there are isomorphisms of graded A-A bimodules

H^i_m(D) ∼= H^i_mo (D) ∼= { A^∗ := Hom_k(A, k) ∈ GrMod A^e if i = 0 0 if i ≠ 0.

Almost all noetherian graded algebras we usually consider, typically, graded quotient algebras of a noetherian AS-regular algebra, have balanced dualizing complexes.

Let grmodA be the stable category of grmod A modulo projectives. We can form a triangulated category S(grmodA), called the stabilization of grmodA, by formally inverting the syzygy functor Ω : grmodA → grmodA so that Ω^{−1} : S(grmodA) → S(grmodA) is the translation functor.

Theorem 36. Let A, B be graded algebras.

(1) If A and B are quadratic, then

A ∼= B ⇐⇒ A^! ∼= B^!. (2) [13] If A and B are Koszul, then

GrMod A ∼= GrMod B ⇐⇒ GrMod A^! ∼= GrMod B^!.

(3) [8] If A and B are Koszul and A, B, A^!, B^! are noetherian and having balanced dualizing complexes, then

D^b(grmod A) ∼= D^b(grmod B) ⇐⇒ D^b(grmod A^!) ∼= D^b(grmod B^!).

(4) [9] If A and B are Koszul and A, B, A^!, B^! are noetherian and having balanced dualizing complexes, then

D^b(proj A) ∼= D^b(proj B) ⇐⇒ S(grmodA^!) ∼= S(grmodB^!).

Note that if A is a Frobenius algebra, then S(grmodA) ∼= grmodA as triangulated categories. If we accept the conjecture that every AS-regular (Koszul) algebra is noetherian, then we have the following correspondences:

Classifying all Frobenius Koszul algebras of complexity d up to isormophism up to graded Morita equivalence up to graded derived equivalence up to graded stable equivalence ⇐⇒ Classifying all (noetherian) AS-regular Koszul algebras of GKdimension d up to isormophism up to graded Morita equivalence up to graded derived equivalence up to derived equivalence of the associated projective schemes.

Since classification of Frobenius algebras is an active project in representation theory of finite dimensional algebras, there will be deep interactions between these two research fields.

3.2. Co-point Modules. If A is a Koszul algebra, then we expect that some of the techniques to study A can be used to study A^!. In fact, by transferring techniques of noncommutative algebraic geometry described in the previous section, we have already obtained some results in representation theory of finite dimensional algebras (see [18], [11]). We would like to make more progress in this direction.

Definition 37. A quadratic algebra A is called co-geometric if its quadratic dual A^! = A(E, σ) is geometric.

If A is co-geometric, then A determines a geometric pair by (E, σ) = P(A^!), and A is determined by a geometric pair (E, σ) by A ∼= A^!(E, σ) := A(E, σ)^!. The following results are simple interpretations of the ones in the previous section.

Theorem 38. Let A = T (V )/(R) = A^!(E, σ), A^′ = T (V^′)/(R^′) = A^!(E^′, σ^′) be cogeometric algebras.

(1) A ∼= A^′ if and only if there is an isomorphism τ : E → E^′ which extends to an isomorphism τ̄ : P(V ) → P(V^′) such that the diagram

E^τ−−−→ E^′ σ σ^′

E^τ−−−→ E^′ commutes.

(2) Moreover, if A, A^′ are Koszul algebras, then GrMod A ∼= GrMod A^′ if and only if there is a sequence of isomorphisms τ_n : E → E^′ which extend to isomorphisms τ̄_n : P(V ) → P(V^′) such that the diagram

E^{τn}−−−→ E^′ σ σ^′

E^{τn+1}−−−→ E^′ commute for all n ∈ Z.

Since A is a Frobenius Koszul algebra of complexity 3 if and only if A^! is a 3-dimensional quadratic AS-regular algebra, Frobenius Koszul algebras of complexity 3 can be completely classified in term of geometric pairs up to isomorphism and up to graded Morita equivalence. In this section, we will find the geometric pair (E, σ) directly from A without passing through its Koszul dual.

Let A = T (V )/I be a graded algebra. For p ∈ P(V ), we define N_p := A/vA ∈ GrMod A where v ∈ V = A_1 such that p = [v] ∈ P(V ). This notation is useful because, for p, q ∈ P(V ), N_p ∼= N_q if and only if p = q.

Example 39. If A = k⟨x, y, z⟩/I and p = (a, b, c) ∈ P^2, then N_p = A/(ax + by + cz)A ∈ GrMod A.

Definition 40. Let A = T (V )/I be a graded algebra. We say that N ∈ GrMod A is a co-point module if N has a minimal free resolution of the form

· · ·^{v2·}−−−→ A^{v1·}−−−→ A^{v0·}−−−→ A → N → 0 where v_i ∈ V = A_1 for all i ∈ N.

We denote by clin A the full subcategory of GrMod A consisting of co-point modules. If N ∈ clin A is a co-point module having the resolution as above, then Ω^iN ∼= N_{pi} ∈ clin A are co-point modules where p_i = [v_i] ∈ P(V ) for all i ∈ N. We define P^!(A) = (E, σ) where E := {p ∈ P(V ) | N_p ∈ clin A}, and σ : E → E is a map defined by ΩN_p ∼= N_{σ(p)}, so that Ω^iN_p ∼= N_σi_{(p)} for all i ∈ N.

For the purpose below, we assume that the following technical condition. We say that a Koszul algebra A satisfies (*) if

(1) GKdim A^! < ∞ (equivalently c_A < ∞), (2) A^! is noetherian, and

(3) A^! satisfies Cohen-Macaulay property, that is, grade M + GKdim M = GKdim A^!

for all M ∈ grmod A^! where grade M := inf{i | Ext^i_A! (M, A^!) ≠ 0}. We expect that every Frobenius Koszul algebra of finite complexity satisfies (*).

Theorem 41. [11] If A = A^!(E, σ) is a co-geometric Frobenius Koszul algebra satisfying (*), then P^!(A) = (E, σ).

Many important functors in representation theory of finite dimensional algebras preserve co-point modules.

Lemma 42. [12] If A = A^!(E, σ) is a Frobenius Koszul algebra satisfying (*), then there are following functors:

Ω : clin A → clin A Tr : clin A → clin A^o (−)^∨ := Hom_A(−, A) : clin A → clin A^o (−)^∗ := Hom_k(−, k) : clin A → clin A^o N (−) := ((−)^∨)^∗ : clin A → clin A.

It follows that the Nakayama functor N : clin A → clin A induces an automorphism ν ∈ Aut E, which is called the Nakayama automorphism.

Conjecture 43. Let A = A^!(E, σ), A^′ = A^!(E^′, σ^′) be co-geometric Frobenius Koszul algebras of complexity d satisfying (*), and let ν ∈ Aut E, ν^′ ∈ Aut E^′ be Nakayama automorphisms. Then GrMod A ∼= GrMod A^′ if and only if A^!(E, νσ^d) ∼= A^!(E^′, ν^′σ^{′d}).

It is easy to prove the above conjecture if c_A ≤ 2. If c_A = 3 and E is an elliptic curve, then the above conjecture was proved in [10].

References

[1] M. Artin, Some Problems on Three-dimensional Graded Domains, Representation theory and algebraic geometry, London Math. Soc. Lecture Note Ser. 238 Cambridge Univ. Press (1995), 1-19.

[2] M. Artin and W. Schelter, Graded Algebras of Global Dimension 3, Adv. Math. 66 (1987), 171-216. [3] M. Artin and J.T. Stafford, Noncommutative Graded Domains with Quadratic Growth, Invent. Math.

122 (1995), 231-276.

[4] M. Artin, J. Tate and M. Van den Bergh, Some Algebras Associated to Automorphisms of Elliptic Curves, The Grothendieck Festschrift Vol. 1 Birkhauser, (1990), 33-85.

[5] M. Artin and J.J. Zhang, Noncommutative Projective Schemes, Adv. Math. 109 (1994), 228-287. [6] P. Jørgensen, Serre Duality for Tails(A), Proc. Amer. Math. Soc. 125 (1997), 709-716. [7] P. Jørgensen, Intersection Theory on Non-commutative Surfaces, Trans. Amer. Math. Soc. 352 (2000), 5817-5854.

[8] I. Mori, Rationality of the Poincaré Series for Koszul Algebras, J. Algebra 276 (2004), 602-624. [9] I. Mori, Riemann-Roch Like Theorem for Triangulated Categories, J. Pure Appl. Algebra 193 (2004), 263-285.

[10] I. Mori, Noncommutative Projective Schemes and Point Schemes, Algebras, rings, and their representations, World Sci. Publ. (2006), 215-239.

[11] I. Mori, Co-point Modules over Koszul Algebras, J. London Math. Soc., to appear. [12] I. Mori, Co-point Modules over Frobnius Koszul Algebras, preprint. [13] I. Mori, On Classification of Frobenius Koszul Algebras, in preparation.

[14] I. Mori and S.P. Smith, Bézout’s Theorem for Non-commutative Projective Spaces, J. Pure Appl.

Algebra 157 (2001), 279-299.

[15] A.L. Rosenberg, The Spectrum of Abelian Categories and Reconstruction of Schemes, Rings, Hopf algebras, and Brauer groups, Lecture Notes in Pure and Appl. Math. 197 Marcel Dekker, New York (1998), 257-274.

[16] J.P. Serre, Faisceaux Algébriques Cohérents, Ann. of Math. 61 (1955), 197-278. [17] L.W. Small and R.B. Warfield, Jr, Prime Affine Algebras of Gelfand Kirillov Dimension One, J.

Algebra 91 (1984), 386-389.

[18] S. P. Smith, Some Finite Dimensional Algebras Related to Elliptic Curves, in Representation theory of algebras and related topics (Mexico City, 1994) CMS Conf. Proc. 19, Amer. Math. Soc., Providence, RI (1996), 315-348.

[19] J.T. Stafford and M. Van den Bergh, Noncommutative Curves and Noncommutative Surfaces, Bull.

Amer. Math. Soc. 38 (2001), 171-216.

[20] K. Van Rompay, Segre Product of Artin-Schelter Regular Algebras of Dimension 2 and Embeddings in Quantum P^3’s, J. Algebra 180 (1996), 483-512.

[21] M. Van den Bergh, Blowing Up of Non-commutative Smooth Surfaces, Mem. Amer. Math. Soc. 154 (2001).

[22] A. Yekutieli, Dualizing Complexes over Noncommutative Graded Algebras, J. Algebra 153 (1992), 41-84.

[23] A. Yekutieli and J.J. Zhang, Serre Duality for Non-commutative Projective Schemes, Proc. Amer.

Math. Soc. 125 (1997), 697-707.

Department of Mathematics Faculty of Science Shizuoka University Shizuoka 422-8529 JAPAN E-mail address: simouri@ipc.shizuoka.ac.jp