STABLE EQUIVALENCES RELATED WITH SYZYGY FUNCTORS

YOSUKE OHNUKI

ABSTRACT. Let ® : mod A = mod A’ be a stable equivalence between finite dimensional
self-injective algebras over a field. Then ® preserves triangles in the triangulated category
mod A if and only if ® commutes with syzygy functors. As an application, we study some
stable equivalence induced by socle equivalence.
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1. INTRODUCTION

Throughout this paper K will be a fixed field, and all algebras will be basic finite
dimensional self-injective K-algebras without simple algebra summands. By a module we
mean a finite dimensional left module unless otherwise stated, and by mod A we denote
the category of finite dimensional left modules over an algebra A. In order to distinguish
an equivalence between triangulated categories from an equivalence between the additive
categories, we say that a functor is a triangle equivalence if it is an equivalence between
triangulated categories.

Happel proved in [2] that the stable category of a self-injective algebra is a triangulated
category whose translation is the inverse of the syzygy functor. Keller-Vossieck [4] and
Rickard [8] proved that the stable category of a self-injective algebra is triangle equivalent
to the quotient category of the bounded derived category by its subcategory consisting of
perfect complexes. These results give the motivation which develops invariants (of stable
equivalence) arisen from a derived equivalence, or properties of triangulated categories.
Pogorzaty [7] and Xi [9] proved that the Hochschild cohomology and the representation
dimension are invariants under a stable equivalence of Morita type, respectively. Our aim
also develops an invariant in order to clear up the difference between a stable equivalence
of Morita type, a stable equivalence not of Morita type and a stable equivalence induced
by a derived equivalence. We shall show that for self-injective algebras A, A’ and an
equivalence ® : mod A = mod A/, ® is a triangle functor if and only if ® commutes with
the syzygy functors. As an application, we shall show that the symmetry is an invariant
for some stable equivalence [5] induced by a socle equivalence.

2. A HOMOTOPY CATEGORY
We shall prepare some notations related to homotopy categories. Basic notations and

definitions are referred to [3] For an abelian category A, we denote by X* = (X", d’%) the
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(cochain) complex

dnt d?%
_>X"_1 L}X" _X>Xn+1 — ...

with d%d% * = 0 for all integers n. The shift functor T of the category of complexes is
defined by T(X*)" = X"

We denote by K(.A) the homotopy category of A, that is, the residue category of the
category of complexes by the homotopy relation. We denote by K~ (A) or K*(A) the
full subcategory of K(A) consisting of bounded above complexes or bounded complexes,
respectively.

For x = — or b, a homotopy category K*(A) is regarded as a triangulated category
whose translation functor is the shift functor 7', and for any morphism f°®: X®* — Y* in
K*(A) it induces the triangle in K*(.A)

X0 Iy (E) CU) (0 _1T>X)

TX®.
dy Tf
0 drx
A = Py, where P, is the full subcategory of mod A consisting of projective A-modules.

is the mapping cone. We will consider the case

Here C(f*) := (Y' eTX",

3. A STABLE EQUIVALENCE WHICH COMMUTES WITH SYZYGY FUNCTORS

Let A be a self-injective algebra. For a A-module X, we denote by tx : X —
Ix the injective hull of X. The stable category mod A of A has the same objects
as modA, and a morphism from X to Y in modA is by definition a residue class
in Homy (X,Y)/proj,(X,Y), where proj,(X,Y) is the subspace of Hom,(X,Y") con-
sisting of morphisms which factor through projective A-modules. The syzygy functor
Q4 :mod A — mod A is a functor naturally defined by the correspondence of an object X
to the kernel of the projective cover of X. Note that the syzygy functor induces the stable
equivalence functor mod A = mod A which is also called the syzygy functor, denoted by
Q\ or ) again.

Happel showed that the stable category of a self-injective algebra is regarded as a
triangulated category [2]. In fact, the translation functor of mod A is given by the inverse

Q' of Qy. For each morphism f X — Y in mod A, the standard triangle X g Y —

Z — X[1] is given by the sequence X g Y4 725 01X in the following commutative
diagram with exact rows

0 X =X Iy QX —— 0
] |
0 y Y 2 Z y Q71X —— 0.
h

We denote Z by C(f) and call it the mapping cone of f in mod A.



We denote by K~*(P,) the full subcategory of K~ (P,) consisting of complexes X* with
bounded cohomology i.e., H*(X*) = 0 for n < 0. Keller-Vossieck and Rickard proved the
following result.

Proposition 1. [4][8] For a self-injective algebra A, the stable category of A is triangle
equivalent to the quotient category K—*(Pa)/ KP(Py).

Using the similar correspondence on Proposition 1, we show the our main theorem.

Theorem 2. Assume that there is an equivalence ® : mod A = mod A’ for self-injective
algebras A and A'. Then the following conditions are equivalent.

(1) ® is a triangle functor.
(2) ® commutes with the syzygy functors i.e., QP ~ OOy .

In [1, Chapter X]|, Auslander-Reiten-Smalg proved that an equivalence ® : mod A —
mod A’ commutes with syzygy functors if A and A’ are symmetric algebras. Therefore the
following corollary follows from Theorem 2.

Corollary 3. IfA and A" are symmetric algebras, then any stable equivalence ® : mod A =
mod A’ is a triangle functor.

4. NAKAYAMA AUTOMORPHISMS AND SOME APPLICATION

We recall the definitions and some basic properties of the Nakayama automorphism
and the Nakayama functor for a self-injective algebra. Refer to [10] in detail. Let M be
a A-module and f an automorphism of A. The A-module ;M is the K-space M with
the A-module structure: a-m = f(a)m for a € A, m € M. Similarly we define Ny for
a right A-module N. For a self-injective algebra A, there is an automorphism v of A
such that A and (DA), are isomorphic as A-bimodules, where D = Homg(—, K). Such
an automorphism v is uniquely determined up to inner automorphisms, and called the
Nakayama automorphism of A. The Nakayama functor is defined by A" = D Homy (—, A) :
mod A — mod A, and therefore AV is isomorphic to ,A®,—. Note that N naturally induces
the equivalence mod(A/socA) = mod(A/socA), and the stable equivalence mod A —
mod A of Morita type, which are also denoted by N.

A K-linear map X : A — K is associated to a A-bimodule isomorphism ¢ : A = (DA),
if A = ¢(14). Then X is non-degenerate and satisfies A\(v(z)y) = A\(yz) for any z,y € A.

We denote @ the residue class of @ € A in A/socA. A A-bimodule isomorphism A =
(DA), induces A/ soc A-bimodule isomorphism rad A/ soc A = (D(rad A/ soc A))y, where
7 is an algebra automorphism of A/socA given by 7(a) = v(a). Therefore we have
a K-bilinear map X : rad A/socA x rad A/socA — K, (a@,b) — A(ab) associated with
rad A/soc A = (D(rad A/soc A))y.

Lemma 4. Let A : rad A/socA x rad A/soc A — K be a K-bilinear map associated with

rad A/socA = (D(rad A/socA))y. Then A@,rad A/socA) # 0O for any non-zero @ in
rad A/ socA.

For a A-module homomorphism f : X — Y, we define a A-module homomorphism
between ,X and ,Y for an algebra automorphism p of A as follows
AR f: X = Yz f(z).
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Lemma 5. Let A be a (not necessarily self-injective) algebra, and p an algebra automor-
phism of A. Then the following conditions are equivalent.
(1) p is an inner automorphism.

(2) There is an A-module isomorphism v : A = ,A such that ¢ f = (,A® f)y for any
A-module endomorphism f of A.

Lemma 5 gives the essential condition in order to characterize symmetry for a self-
injective algebra A. Therefore we have the following lemma on a notion of module cate-

gory.

Proposition 6. The following conditions are equivalent for a self-injective algebra A over
an algebraically closed field K.
(1) A is symmetric.
(2) The Nakayama functor N : mod(A/soc A) = mod(A/socA) is isomorphic to the
identity functor idmed(a/soc A)-
(3) 7: A/socA = A/socA is an inner automorphism.

Proposition 6 is not true if K is not algebraically closed field. In [6], we can see the
counter-example.

Let ® : mod A = mod A’ be a stable equivalence for self-injective algebras. We have
that &7 ~ 7/®, where 7 and 7' are stable equivalences induced by Auslander-Reiten
translations of A and A’, respectively. By [1], it follows that 7 ~ NQ%. If ® is a triangle
functor, then we have

PN ~ N'Q3,® ~ NOOA,
therefore it follows that ®N ~ N'®.
In order to preserve the symmetry for triangle stable equivalence ® : mod A = mod A’
between symmetric algebra A and self-injective algebra A’, we consider the problem

whether ® ~ N'®, equivalent to idyoqa ~ N, implies that A’ is also symmetric. However,
this is open in general.

Theorem 7. [5] Let A and A be socle equivalent self-injective algebras, sayp : A/ soc A =
N /socN'. Assume that there are non-degenerate K -linear maps A : A — K and N : N —
K such that \(ab) = XN (a'b') for all a,b € rad A and o', b € rad A" with @’ = p(a) and
b = p(E). Then the stable categories mod A and mod A’ are equivalent.

In the case of Theorem 7, we will show that this problem is true if K is an algebraically
closed field.

Theorem 8. Let A and A be self-injective algebras over algebraically closed field, and
® : modA = mod A’ be a stable equivalence defined in Theorem 7. If A is symmetric,
then so is N'.
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