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1. INTRODUCTION

Given a finite set A of d-dimensional integral vectors which belong to one hyper-
plane off the origin in QA and a parameter vector 3 € C?, Gel'fand, Kapranov and
Zelevinskii [5] defined a system of differential equations, called an A-hypergeometric
system M4 (). They proved that the holonomic rank of M4(/3) equals the normalized
volume of the convex hull of A and the origin (denote by vol(A)) for any § when the
semigroup ring C[NA| determined by A is Cohen-Macaulay. In general, the rank is not
less than the volume (see [1], [13], Theorem 3.5.1). Meanwhile Adolphson [1] showed
that even when C[NA] is not Cohen-Macaulay, the holonomic rank equals vol(A), as
long as ( is generic in a certain sense. After Strumfels and Takayama showed that
the holonomic rank can actually be greater than vol(A) for non-generic parametes (3,
Cattani, D’Andrea and Dickenstein showed that if the covex hull of A is a segment,
then there exists a rank-jumping parameter whenever C[NA] is not a Cohen-Macaulay
ring. Saito, who generalized this result by using different methods, showed that there
exist rank-jumping parameters for any non-Cohen-Macaulay simplicial semigroup ring
C[NA]. Matusevich [6] showed that, if the toric ideal defined by A is generic in a
certain sense and non-Cohen-Macaulay, then there exists a rank-jumping parameter.
However, when we fix a parameter 3, it is not well-known how the holonomic rank is
described explicitly except when the covex hull of A is simplicial (see [10], Theorem
6.3). In this paper, using combinatorial notion, we provide a rank formula in the case
where the rank of A is three.

1.1. Definition of A-hypergeometric system. Let A = (ay,...,a,) = (a;;) be a
d x n-matrix of rank d with coefficients in Z. Let k be a field of characteristic zero and
N the set of nonnegative integers. We denote the set {ay,...,a,} by A as well. Let
JF 4 denote the face lattice of the cone

QZOA = {Z cjaj] Cj c on}.
7=1

Let NA denote the semigroup generated by A and by k[NA] its semigroup ring con-
tained in the Laurant polynomial ring k[t . ..,t5]. For a face o in Fa, we denote by
N(A N o) the semigroup generated by AN o, and by Z(A N o) the group generated by

IThe detailed version of this paper has been submitted for publication elsewhere.
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ANo. When ANo = (), we agree that N(ANo) = Z(ANo) = 0. We consider the
k-algebra homomorphism ¢4 : k[0, ..., 0,] — k[NA] defined by

gbA(Z cuéu) = Z et

uEeNn? ueNn

where ¢, € k, 9" := 9" ... 9 and t4 = ("1 We denote by 14(9) the

n

kernel of ¢4 and call it the toric ideal of A. Since ¢4 is an epimorphism, we have

k[0]/T4(9) % K[NA.

Given a column parameter vector 5 = (31, ..., 34) € k%, let Hx(3) denote the left
ideal of the n-th Weyl algebra

D:k<$1,...,$n,al,...,an>

generated by 14(9) and > °7 | a;;6; — 3; (i = 1,...,d), where 0; := x;0;. We call the
quotient D-module M4 (3) := D/H () the A-hypergeometric system with parameter
(. This system was introduced in the late eighties by Gel’fand, Graev, and Zelevinski
(see [4]); its systematic study was started by Gel'fand, Zelevinski, and Kapranov (see,

e.g. [5]).

1.2. Known results on the holonomic rank of M,(/3). In this note, we define the
holonomik rank of the A-hypergeometric system rank(M4(3)) as follows:

rank(Ma(3)) := dimp) (k(2) @kjz) Ma(B)).

Here k(z) = k(x1,...,z,) is the field of rational functions. One of the results shown
in [5] about the holonomic rank of A-hypergeometric system is that rank(M4(5)) =
vol(A) for any § € k% when the semigroup ring k[NA] is a Cohen-Macaulay ring. Here
vol(A) means the normalized volume of the convex hull in Q¢ of A and the origin. This
equality can fail if k[NA] is not a Cohen-Macaulay ring. However, even if we drop the
assumption that k[NA] is a Cohen-Macaulay ring, we have

rank(Ma(5)) > vol(A)

for any 8 € k¢, and the equality holds for generic 5. So we write ja(pB) for the gap
between the holonomic rank and the volume in this talk.

Moreover, in fact, Matusevich, Miller and Walther [7] completely showed that the
rank of M4(() is indepent of 3, that is, ja(5) = 0 for any [ if and only if C[NA] is
Cohen-Macaulay. However, given a parameter 3, we do not know the formula of the
rank of M(() except when the convex hull of A is simplicial.

2. MAIN RESULT

2.1. Combinatorial term F4(/3). As in the previous section, in order to compute the
gap ja(f), we introduce a combinatorial term as follows. First, for A € ZA and 3, we
define the subset J(A; 3) of Fa by

TN B) ={c€eFa|l N\¢NA+Z(ANo),—-Aek(ANo)}.
Second, we define a preorder on ZA as follows:

A< = forany 0 € J(\;B), AN+ Z(ANo)=pu+Z(ANo).
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Then we have the following proposition on this set.

Proposition 2.1. (1) The set J(\; B) does not contain QxpA.
(2) If X € NA, then we have J(\; 3) = 0.
(3) If A < p, then we have J(\;8) C T (w; 3).

Now, we consider the subset of ZA \ NA:
Ea(B) = {A € ZA\NA| T (X ) # &},

We denote by F4(3) the inductive limit of the set (E4(3), <) which we regard as an
inductive system. In other words, F4(3) coincides with the set of maximal elements in
((ZA\NA)/ ~, <), where ~ means the equivalence relation defined by

A~ <d:f> A< pand A > p.

Since A € B+ U,cr, B(ANT) for any A € Fa(8) and [ZANQr : Z(ANT)] < oo for
any face 7, we see that F4(/3) is a finite set.

2.2. Main result. Let d = 3 to the end of this note. First assume that the cardinality
of Fu(B) is one. Let Fa() = {A} and J(\; 3) denote the set of maximal elements in

J(X; B). Then the sets J(A; ) can be classified into four cases:
(1): T\ 8) =0,
(2): Z()\; () consists of one proper face o,

(3): J(X\;B) consists of all facets,
(4): none of the above.

For each case, we have the following theorem:

Theorem 2.2. Let d = 3. Assume that the cardinality of Fa(3) is one. Then we have
the following.

(1) J(\; B) satisfies the case (1) = ja(5) =0,

(2) J(\; B) satisfies the case (2) =

0 if o is a facet,
Jja(B) =< vol(ANa) if o is an edge,
2 if o = {0},

(3) Z()\;ﬁ) satisfies the case (3) = ja(B) =0,

(4) T(X; B) satisfies the case (4) = ja(B) = X e 7np)edges (VOUA N O)) +m — 1.
Here m means the number of connected components of the finite graph Gy =
{0 € Fal {0} # o C 7 for some T € J(X\;5)} with respect to the inclusion
relation.

Second not assume that the cardinality of F4(/) is one. In this case, it suffices that
for each A € F4(f) we compute the number determind by the previous theorem, that
is, we compute the right hand side of the equality in the theorem, regarding F4((3) as
the singleton set {A}. For each A € F4(3), let [, denote the number in this meaning.
Then we have the rank formula as desired:

Theorem 2.3. Let d = 3. Then we have ja(f) = ZAEFA(ﬁ) Ix.
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3. EXAMPLES

. Then we have vol(A4;) = 7.

1 11
Example 1. Let A; = | 0 5 0
0 1

SO =
S W
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- ==

First we consider the case where 3 = *(1,2,0). Then we have Fa,(8) = {#} and

F(6:8) = {Qsot1, Qsoas}. Hence we have ja, () = 1.

Second we consider the case where § = %(2/5,1,0). Then we have Fy,(8) =
{1(1L,1,0),/(1.4,0)} and F((1,1,0):8) = {Qzom} and F((1,4,0):8) = {Qzoaa}.
Hence F4, () is semisimple. Since Q>pa; and Qxpa4 are both edges, we have ju, (3) =
1+1=2.

53 81:1

52

FIGURE 1. The set A,

. Then we have vol(As) = 6.
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o (B) = 2 {3} and J(8: 8) = {{0}}. Hence we have
J Az = 2.
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Example 3. Let A3= [0 2
00

Let 5 =%(0,1,0). Then we h
S1 = 1
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FIGURE 3. The set A
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Example4. Let A, = [0 0 0 1 2 3| ;nothomogeneous. Then we have vol(A,) =
001100

12.
First we consider the case where 3 = *(1,1,0). Then we have Fy4,(8) = {4} and

j(ﬁ; B) = {Qxpa1}. Hence we have ja,(3) = vol(As N Qxpa1) = 3.

Second we consider the case where 3 = £(2,2,0). Then Fy,(8) = {3} and J(3; 3) =

{{0}}. Hence we have j4,(3) = 2.
S3
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S
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FIGURE 4. The set Ay
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