A construction of Auslander-Gorenstein rings
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Thisisasummary of my joint work with T. Shiba.

Recall that aring A is said to be an Auslander-Gorenstein ring if it is a left and right
noetherian ring and for aminimal injective resolution E* of A, we have flat dim E" < n for all
n> 0 (cf. [1]). It iswell known that the group ring of a finite group over a commutative
Gorenstein ring is an Auslander-Gorenstein ring. We refer to[1] for other examples of
Auslander-Gorenstein rings. Our main aim is to construct another type of Auslander-Gorenstein
rings.

Let Rbearing. Inthistalk, aring Ais said to be a Frobenius extension of Rif it contains
R as a subring and satisfies the conditions (F1) A; and ;A are finitely generated projective,
(F2) A, = Hom(,Az Ry) and ,A = Hom(A,, :R), and (F3) the inclusion R — Ais a split
monomorphism of R-R-bimodules (cf. [2]). Again, the group ring of a finite group is a
typical example of Frobenius extensions. If A isa Frobenius extension of R, then (1) inj dim
A,=injdmR (2) injdim ,A=inj dim R, and (3) Ais an Auslander-Gorensteinring if Ris
so. Therefore we will provide away to construct Frobenius extensions of agiven ring.

Let R be aring, n > 2 an integer and v a permutation of | = {1, 2, -, n}. We will
construct a family of Frobenius extensions A of R such that (i) 1, = %, _, & with the g
orthogonal idempotents, (ii) 6A, # gA, unlessi =], (iii) xe =exforalie l andxe R (iv)
gA, = Hom(Ae i Re) and JAe ;) = Homy(seA,, R) for al i e I, and (v) there exists 1 e
Aut(A) with n(e) = e, for al i e 1. Furthermore, the rings e Ag are loca if Risso. In
particular, if R is aquasi-Frobenius local ring, then A is a quasi-Frobenius ring with soc(eA,)
=g, AeJforalie I, where J=rad(A). Incasev has no fixed point, we can construct a
desired Frobenius extension A of R as a skew matrix ring over R, the notion of which was
first introduced in [3] (cf. also [4] and [5]). If v has afixed point, then we can not construct a

desired Frobenius extension of R as a skew matrix ring over R, but we can construct a desired
Frobenius extension B of R which contains an ideal V with B/V a skew matrix ring over R,
where\V? # 0 in general.

Throughout this note, rings are associative rings with identity. For aring R, we denote by
R* the set of units and by rad(R) the Jacobson radical. We use the notation X; (resp., zX) to
denote that the module X considered is aright(resp., left) R-module. Also, we use the notation
X to denote that X isan S-R-bimodule. We denote by Mod-R the category of right R-modules.

1. Frobenius extension of rings
In this section, we introduce a notion of Frobenius extension of rings (cf. [2]).
Definition 1.1. A ring Ais said to be a Frobenius extension of aring R if there exists an

injective ring homomorphism ¢ : R — A satisfying the following conditions:
(F1) A; and A arefinitely generated projective;
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(F2) A, = Hom; (LA, Rp) and ,A= Hom(A., R); and
(F3) @ isasplit monomorphism of R-R-bimodules.

Remark 1.2. Let A be a Frobenius extension of R. Then for an isomorphism ¢ : A, >
Hom,(,A:, Rg) we have a unique ring homomorphism 6 : R — A such that x¢(1) = ¢(1)6 (X)
for al x e R Similarly, for an isomorphism v : ,A = Hom( A, ;R we have a unique ring
homomorphismn : R— A such that y(1)x = n(x)y(1) for al xe R

Definition 1.3 (cf. [1]). A ring Rissaid to be an Auslander-Gorenstein ring if it isleft and
right noetherian and for aminimal injective resolution E’ of R, we have flat dim E" <n for all
n=0.

Definition 1.4. A ring R is said to be a quasi-Frobeniusring if it is left and right artinian
and left and right selfinjective.

Proposition 1.5. Let A be a Frobenius extension of R Then the following hold.
(1) injdimA,=injdim R..

(2) injdim A=injdim ;R

(3) A isan Auslander-Gorenstein ring if Ris so.

(4) Aisaquasi-Frobeniusring if Ris so.

Remark 1.6. The converse holds in (3) and (4) of Proposition 1.5. However, we do not
need this fact in the present note.

In the following, taking Proposition 1.5 into account, we provide a way to construct
Frobenius extensions of an arbitrary ring.

2. Skew matrix rings
In the following, we fix aring Rand apair of o € Aut(R) and ce Rsuch that
o(c) =c and xc =co(x) foradl xe R

In this section, we develop the construction of skew matrix rings given in [3], [4] and [5].
Letn>2beanintegerandl ={1, 2, .., n}. Let w: | x| — Z be amapping and set

Al K = afi, ) + of, k) — o, K
fori, j, ke 1. We assume the following conditions are satisfied:
ai,i)=0 foradlie | and A(i,],K) >0fordli,j ke I.

Definition 2.1. Let A be a free right R-module with a basis {g;}, ;. , and define the
multiplication on A subject to the following axioms:



(Al)xe, =e;0”(}) fordli,jelandx e R;
(A2) g, =0unlessj =k and
(A3) ge, =g foralli,j ke l.

Proposition 2.2. The following hold.

(1) Aisanassociativeringwith1, = 3. _, e, wherethe e, are orthogonal idempotents.

(2) We have an injective ring homomorphism ¢ : R — A, x — >, _, ex which is a split
monomor phism of R-R-bimodules

() eA=egA, forali,je I with A, j,i) =0. Incasec ¢ R, the converse holds.

In the following, we consider Ras a subring of Aviag: R — A. Notethat Aisafreeleft

R-module with abasis{g;}; ;.. Also, foranyi e I, sincexg, = gxfordl xe R, Ag; isan
A-R-bimodule and e,Ais an R-A-bimodule.

Remark 2.3. Denote by M (R) then x n full matrix ring over R. Then for any i € | there
exists aring homomorphism of the form

CrA = M (R), Zj, ke | G (G_w(i'j)(cl(i'j' k)xjk))j, kel
which is an isomorphism if eitherc € R*or A=0. Also, if cisregular, then {isinjective.

In the following, taking Remark 2.3 into account, we assume c ¢ R‘. However, for the
sake of convenience, we do not exclude the case where A = 0.

Definition 2.4. There exists a basis {¢}, ; ., for gHom (A, (Rp) such that a =, ; _,
go;(@) foralla e A. Similarly, there existsabasis {3}, ;. , for HOm(:A, Re)g such that a =
Y.< Bi(@eg; foral ae A.

i,jel

Lemma 2.5. For anyi, k € | the following are equivalent.
(D) A, j,k=0foralljel.
(2) There exist isomor phisms of the form

B * €A, = HOM(,AGr, RY), @ 2,

Y, © A8 = Homy(g, A, (R, a— af,.
(3) Either e, A, = Hom(,Ae,n Ry O JAe, = Hom (A, =R).
Proposition 2.6. AssumeR isalocal ring. Then the following hold.
(1) Every e, isalocal idempotent. In particular, A isa semiperfect ring.

(2) Assume either A, = Homg(,A,, Rg) or ,A = Homy(A, gR). Then there exists v e
Aut(l) such that A(i, j, v(i)) =0 for all i, j € I.

In the next Proposition, we refer to [6] for derived equivalence of rings.



Proposition 2.7. Assumec isregular. Thenfor anyi € | the following hold.
(1) A isderived equivalent to a generalized triangular matrix ring

R Exti(AgA gA)
0 Al Ag A

(2) Assume there exists j € I1\{i} suchthat A(j, k, i) = 0for all ke I. Then Ext,(A/AgA,
&A) = ,(A/Ag,;A) as R-A/Ag,;A-bimodules.

In the following, we do not fix @ and use the notation A , to denote that the multiplication
of A is defined by w.

3. Classification of @

In the following, witheach w: | x| — Z we associate A : | x | x| — Z such that

AL, K) = afi, ) + o, K) —ofi, K
forali,j ke I.

Lemma3.1. For any w; @ : | x| — Z the following are equivalent.
A=A,
(2) Thereexists y : | — Z suchthat ' (i, j) = a(i, j) — x(i) + x() for alli,j e 1.

Definition 3.2. For o, @ : | x| — Z, we set w = w’ if the equivalent conditions of
Lemma 3.1 are satisfied. Also, forw: I x1 —Z, wewrite o> 0if a(i,j)>0forali,je I.

Lemma33. Let w;, @ : I x| — Z with w = @' and assume there exists i, € | such that
g, J) =@ (ip, J)foral je I. Thenw=w

Definition 3.4. We denote by Qthesetof w: | x| — Z such that (i, i) =0forali e |
and A(i, j, Kk > Oforali,j,ke I. Also, foreachv e Aut(l), wesetI(v)={ie || Wi) =i}
and denote by Q(v) the set of w e Q such that

(D) A, j, v(i)) =0fordlie N(v)andje I, and

(2) there existst, > O such that A(i, j, i) =t foralie I(v)andj € I\{i}.

Lemma3.5. For any we Qandi, € | the following hold.

(D) If A(iy j,ig)=0forallje I, thenw=0.

(2 If axi,, j)=0forallje I, thenw> 0.

(3) Thereexists w € Q suchthat w= o', @ 20and w (i, j) =0for all j e I.

Definition 3.6. We denote by Q, the set of w € Q such that A(i, j, i) >O0forali,je |



withi #]j. Also, weset Q. (v) = Q, NQ(v) for ve Aut(l).

Proposition 3.7. For any ve Aut(l) we have Q,(v) = Q.

4. Automorphismsof A,

In this section, we show that for any v € Aut(l) and w € Q there exists n € Aut(A,) with
n(e) =&, fordli,jel.

Lemma4.1. For any o, @' € Q the following hold.

(1) If there exists v € Aut(l) such that @ = w 0 (v x V), then there exists a ring
isomor phism of the form

él A %A ijel i ||HZIJE| IIXV(I)"(I)

(2) If thereexistsy : | — Z such that @’ (i, J) = i, j) — x(i) + x() for all i, j € I, then
there exists a ring isomor phism of the form

EIA, DALY eX — 2

i,jel IIIJ i,je I ~ii

UYG)(X”)

Proposition 4.2. For any ve Aut(l) and we Q(v) the following hold.
(1) Define y : | — Z asfollows:

(V) ifielv),
"(')‘{ t,  ifiel().

Then w(V(i), v(j))= aXi, j) — x(i) + x() for all i, j e 1.
(2) There exist ring automor phisms of the form
0:A, - Ay Zi,je | €iX — Z, jel €g,0” (Xvo) \(J))
n:A, > A, Xije 1 82 e e\(i),v(j)GY (Xij)
which are mutually inverse.

B Lete, =2y & vyt Zici€i C Wheret =t if I(v) # @. Then n(e) = e, and ag, =
en(a) for allae A,

5. Thecaseof vwithI(v) =@
In this section, we deal with the case of v € Aut(l) withI(v) = 3. Let we Q. (v) and A=

A, Weseto, =%, , & qand B, =2%_, B  (see Definition 2.4). By Proposition 4.2, we
haveri ng automorphisms



6:A, > A, Xijer &% 2. eiic_l(j)(xv(i), i)
n:A, - Ay 2i,j c1 &% — 2i,je | ev(i),v(j)d((j)(xij)

which are mutually inverse.

Lemmab5.1. There exist isomorphisms of the form

¢: A, = Hom((Ae,~ Ry, a— o, a,

VA = Homy(:eAx R), ar—> ap,.

Remark 5.2. Thefollowing hold.

(1) 6 isthe unique ring automorphism of A such that &(e; ,,) =€, forali,j e I and xo,
=a0(X) foral xe R

(2) n isthe unique ring automorphism of A such that n(e;) = e, ,, for ali,j € I and B
=nKX), foral xe R

Theorem 5.3. Thering Aisa Frobenius extensin of R.

Proposition 5.4. Assume Ris a quasi-Frobeniuslocal ring. Then A is a quasi-Frobenius

ring with soc(g,A,) = €4, i€, iy for al i e |, whereJ =rad(A).

6. Another basering

In this section, we prepare another base ring S which we need in the next section. We fix
an integert> 0.

Definition 6.1. Let S be a free right R-module with a basis {e, v} and define the
multiplication on S subject to the following axioms:

(S1) &€ =¢ V=-vcandev=v=ve and
(S2) xe = exand xv=vo{(x) for dl xe R

Lemma 6.2. The following hold.

(1) Sisan associative ring with 1, = e.

(2) We have ring homomorphisms ¢ : R— S x— exand 7: S— R, (ex + vy) — x with
me=id.

(3) Sisalocal ring if Ris s0.

In the following, we consider Ras a subring of Svia ¢ : R— S Notethat Sis afree left
R-module with abasis{e, v}.

Definition 6.3. There existsabasis{a, u} for Hom,(S,, Ry such that b = eo(b) + vu(b)
foral be S Similarly, there exists abasis{f3, p} for Hom,(;S {R-)s Such that b = (b)e +
p(b)vforalbe S



Lemma 6.4. There exist isomorphisms of the form

¢S, 5 Homy(S,, R), br—> b,
v S-S Hom(.S, (R, b~ bp.

Theorem 6.5. Thering Sisa Frobenius extension of R
Proposition 6.6. There exist ring automor phisms of the form

0:S5 S ex+vy— ec(X) + voi(y),

N:S5 S ex+vy— ecs'(X) + vo'(y)
which are mutually inverse.

Remark 6.7. Thefollowing hold.
(2) 6 isthe unique ring automorphism of Ssuch that 6(v) = vand xu = u6(x) for all xe R
(2) n isthe unique ring automorphism of Ssuch that n(v) = vand px =n(X)p for al x € R.

7. Thecaseof vwithl(v) @

In this and the next sections, we deal with the case of v withI(v) # @. Let we Q,(v) and t

=t, We construct a Frobenius extension B of R which contains an ideal V with B/V = A,
where\V? # 0 in general.

Remark 7.1. 1t may happen that we (1) for some T with I(7) = @. If thisis the case,
A, itself is aFrobenius extension of R

Definition 7.2. Let Bbeafreeright R-module with abasis{e}, ;., U {Vv},.,, and define
the multiplication on B subject to the following axioms:

(Bl)xe, = g0 (X forali,je l andxe R;
(B2)e,g,=0unlessj =k

(B3)eg, = g, ¥ unlessi=ke I(v)and j e I\{i};
(B4 e =v,+egcfordliel(v)andje I\{i};
(B5)xv, =vo(x) foralie I(v)andxe R

(B6)vig, =0=¢gVv unlessi =j =k;

(B7)ve =v =gV fordlie l(v),

(B8)v\v, =0 unlessi = j; and

(B9)vv. =—vc foralie I(v).

Proposition 7.3. The following hold.
(1) Bisan associativering with 1, = 3. _, e, wherethe e, are orthogonal idempotents.
(2) We have an injective ring homomorphism ¢ : R — B, x — >, _, ex which is a split



monomor phism of R-R-bimodules
(3) &;B; = g,B; only whenii = j.
(4V=%_,, VvRisanidea of BwithB/V=A,

In the following, we consider Ras a subring of B viag : R — B. Notethat B is afree left

R-module with abasis{g;}, ., U {v}, ., Also,foranyie I, sincexe, =exforal xe R,
Be, isaB-R-bimodule and ¢,B isan R-B-bimodule.

Definition 7.4. Thereexistsabasis{ oy}, ., U {1} o,y for Homg(Bg, (Re) suchthat b =
Zi,je | €i0;() + pY oy Vithi(b) for al b e B. Similarly, we have abaSiS{Bu}i,je U A{phi o
for Hom (B, rRRy)r suchthatb =%, ., B,)e; + % _,,, pi(b)v, foral be B. We set

Ho =2, Ny Gy T 2. 1) i and p, =2, W) ﬁi,v(i) +2. 1w Pr-

Lemma 7.5. The following hold.
(1) For any i € I(v) there exist isomorphisms of the form

¢ :6Bg > Hom(;Beyr, Re), b — b,
¥, : gBe; = Homg(ie;By, R), b — bp.

(2) For any i € \I(v) there exist isomor phisms of the form

¢:6B; > Homy(sBe ) iy RR), D= & 40
v i eBes v - Homy(z&,Bs, R), b— b, Vi)'

(3) There exist isomor phisms of the form

¢: By, = Hom,(;B,, Ry, b — b,
v: B > Hom (B, {R), b— bp,.

Theorem 7.8. Thering B isa Frobenius extension of R.

Proposition 7.9. Assume Risalocal ring. Then the following hold.

(1) Every e, isalocal idempotent. In particular, B isa semiperfect ring.

(2) Assume further that R is a quasi-Frobenius local ring. Then B is a quasi-Frobenius
ring with soc(g;Bg) = €, \B/&,). ,iyJ for al i € |, where J = rad(B).

In the next section, we do not fix w € Q,(v) and use the notation B, to denote that the
multiplication of B is defined by .

8. Automorphismsof B,



In this section, we show that for any w € Q,(v) there exists n e Aut(B,) such that 7(e;) =
€y forali,je landn(v) =v foralie I(v).

Lemma8.1. For any m, @' € €,(v) the following hold.

(2) If there exists T € Aut(l) with 7v = vt such that @ = w 0 (7 X 1), then there exists a
ring isomor phism of the form

él B % B b = 2‘| jel |Jar(|) T(J)(b) + 2, e l(v) V‘Lll(b)

(2) If thereexistsy : | — Z such that @’ (i, J) = i, j) — x(i) + x() for all i, j € I, then
there exists a ring isomor phism of the form

& B, = B, b— zhje | eijo-){(j)(aij(b)) +2 1) Viol(i)(ﬂi(b))-

Proposition 8.2. For any we Q,(v) the following hold.
(1) Define y : | — Z asfollows:

(V) ifielv),
"(')‘{ t,  ifiel().

Then (M), v(i))= o, i) — () + x() for all i, j e 1.

(2) There exist ring automor phisms of the form

0:B, — B,b— Zi,j el QIGX(J)(O‘ 0, V(J)(b)) +2. Iv) |Gl(i)(.ui(b))1
n:B, - B,b— Zi,j <1 &), v(j)o'%G (aij(b)) +2 . W) id{(i)(.ui(b))

which are mutually inverse.
(3) Let &= Zie N (v) ei,v(i) + Ze 1(v) €; e, ¢ and Vo Z e l(v) Vi, wheret _t Then n(eo) =& and
n\vy) =V, Also, be, =e n(b) and bv, = v,n(b) for all be B,

Remark 8.3. For any w € Q,(v) the following hold.

(1) 6isthe unique ring automorphism of B, such that &(e,, ,,) =€, for al i, j € I and xu,
=U,6(x) foral xe R

(2) n isthe unique ring automorphism of B, such that n(g;) = e, ,, foral i, j e I and px
=nX)p, foral xe R
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