REMARKS ON TRANSITIVITY OF EXCEPTIONAL SEQUENCES !

TOKUJI ARAYA

ABSTRACT. Let k be an algebraically closed field of characteristic 0. We denote by
C the abelian k-category which has enough projectives (or enough injectives), and
by D*(C) the bounded derived category of C.

A complex E* € D’ is called exceptional if RHom(E®, E®) = k, and a sequence
e=(-,EE; 1 ) of exceptional complexes is called an exceptional sequence if
RHom(E7, E¥) = 0 for all i > j.

Let C be a category modA of finitely generated modules of a hereditary k-algebra
A, or a category coh(X) of coherent sheaves of a weighted projective line X over
k. In this case, for any exceptional sequence ¢, the length of € is smaller than or
equal to the rank n of Grothendieck group of C. An exceptional sequence € is called
complete if the length of € is equal to n. It is shown by W. Crawley-Boevey (in the
case of C = modA) and by H. Meltzer (in the case of C = coh(X)) that the braid
group B, on n strings acts transitively on the set of complete exceptional sequences.

In this talk, we consider exceptional sequences on a translation quiver I'.

1. Preliminaries

COEZELU T I = ZA, % translation quiver £ L, Iy # I’ OJHFEA., T %
translation & 3 %,

EE 11l X, Yel, T3,
1. X 26 Y ~Nartow BhHh b EE, X <Y &7,
2. X 16 Y ~path D32 EE, X <V LET,

3. X £ Y OIC path 3% 0wE &, X Y EET,

EE 1.2 HEEA T, ZUTOLICLT {(pg |1<p—qg<n} LFA—HT 2,

!The detailed version of this paper will be submitted for publication elsewhere.
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1. =& D rorbit EOHEKEZ, - (p,p—1),(p+1L,p),(p+2,p+1),--- £T 5,

2. X ey It L, X<(pq), X#(p—1,q) DEE, X =(p,qg—1) LEET 5,

X =(p,q),Y=0,¢) €Ty NL, X &Y DHL 7-orbit IZ&H % 7= d DLFE+Ir5E
Rl p—q=p —q¢ THHZLIZHEERT 5,

Bl1.3 T=ZA, DLE,  RDLIHITk D,

EE 1.4 syzygy functor Q: Ty — Ty Z. Qp,q) = (¢,p—n—1) EEERT 5,

Bl 1.5 B X el L, 77X, QX FYUTD X ) RAEBARICH 5 2 L ITHERT 5,

k280 ORBUNEAR E L, n 2 IEOEEE T 5, R = klz,y]/(y* —2"™) 2 1-K
TCREATEE L L, modR 2 HRARKENTE R-MBED I TR THITREZROD D &
T35, 512 CMR ZMAk CM MO L 3 RlH B E T2, 2oL E, CMR D
Auslander-Reiten quiver OHEZMIAET % WK CM MIEEEED 515 645 full subquiver
ZD EBE,T=ZA, TH5 (cf [1])e EE 14 TELEL TS QI1F, TORIUT
D syzygy MAEIZWIG L T3,

’

EE 1.6 FHEM X e Iy ioxfl, sHX), S7(X), SH(X), S
A~(X) ZTO L) ICEET %,

1. ST(X) & slice THH., Y eST(X) Aol X <Y Th 3,

“(X), A(X), AT(X)
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2. S7(X) 1F slice TH Y, Y €S (X) 258 Y <X Th 53,
3. S*(X)=S"\{X} £T%, (22T, x=+,—TH3)

4. AX)={Y el | X =Y} T2,

5. AT(X) = Upso(AQX)UST(QX)) £F 5,

6. A™(X) = Upeo (AQX)UST(Q7'X)) £F 5,

B XeTo IRL, AYX) IEMTD X9 ERRICH 2 2 LITHERT %,

FRROBART=DS, T E, 1 XX BT EB R = k[z,y]/(v* — 2" LOK CM
D79 CMR @ Auslander-Reiten quiver @ full subquiver Z&Ei% L T\ 5%, R-ETOD
exceptional sequence DEFEIFML T DED TH 5,

EE 1.7 R=@, R ZREMNESET, Ry =k 2% 0 ORBHK T2, 2D
& E,

Hom(E,F) =k

Bxt/(E,E) =0 ((>0) =77

1. R4 R-IEE E 5% exceptional TH % & I1X. {
TIETHD,

2. exceptional MIFFDH ¢ = (--- | E;, Eiq,--+) D% exceptional sequence T % & 1%,
Ext!(E;, E;) =0 (i > j,{>0) AT ILTH 2,

R = k[z,y]/(y?—2™) (n IZIEOMEE) DL ZITIFRDZ L3O T0 3 (cf]1],]2]).

8 1.8 R=Fklz,y]/(y*—2"*") (n ZIEOMEE) L L. T 2 CMR ® Auslander-Reiten
quiver DHFZIFETZ2 WK CM IEERED 513 545 full subquiver £ § 5, TDLEF,
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1. EEOEEIMA CM Mi#EE exceptional Th 5,

2. (BHEMBETR V) EREFYIR CM I#E X, Y I L, Hom(X,Y) #0 TH 5%
DOBEGEME X <Y (inT) TH 3,

3. (BHEInEECcAaw) EEERMmAK CM INEE X, Y L IEOEE ¢ i2x L, RIZFEET
H 5,

(a) Ext(X,Y) #0
(b) QX <Y <7OQ1X (in T)
(c) T7IH Y < X <Q7'Y (in 1)

EFE 1.9 R T 2Hi8 1.8 0D &L, X, Y ZEHZMBETRWEPIERA CM &
T5, 2OLEE, RIZFAMTH %,

L TRTOEL 1L, Ext/(X,Y)=0Th 3,

2. X e AT(Y) TH 3,

3.V e A (X) ThH3,

IN6DT ENS, —MD translation quiver I' = ZA,, IZXf L. exceptional sequence
ZATFD X9 &—i?ﬂaj‘%o

E% 1.10 IE:«'T—?\ El,Eg,"' ,Er € FO C:.j(il‘t\ 5” € = (El,Eg,"' 7Er) N exceptional
sequence TH 5 L, RDOFEM %2 ART-T I L TH D,

EGﬂA+ ) (1<i<r)

i<t

CDEMBIIRDSEMEFETH %,

EEﬂA Y1 <i<r)

2. Main results
THEREZ2BRZ 72012 I D LHEHE T 5,

EE 2.1 = (E1, By, ,E,) % exceptional sequence & %, E;, E; D3RO 5%
Al EE, B <. E; LRT,



1. E;e S7(E;) TH 3,

exceptional sequence DEFL L D RD Z L DBRIZLL TV B 2 EDRREGICHEID NS,

g 2.2 ¢ = (E,Ey, -+, E,) & exceptional sequence £ § 5, TDEZE, XDEDFHDH

exceptional sequence 12725,
1. By E;, D&, (E\,Ey, - ,Ei_2,FE;,E;_1,Ei1,--- , E,)
2. E; ¢ ST(E) (Vj) DL E, (B, Ey - ,Fi_1,QF;, E;\y,-- , E,)
3. E; ¢ SYT(E) (V) DL E, (B, Ey, -, Ei 1, Q' 'E;, Eipy, -+, E,)
4. BE;=(p,q), BEj<.E; %61 j=i—-1 DL &,

<E17E27 e 7Ei727E1{7Ei717E2'+17 e 7Er)

@) (Bir = (p.q) D EF)
@L‘EZ“{ Wop-—n-1) (Ba=@.g0tF)

(EbEQa”' 7Ei—27Ez{7Ei—l7Ei+17'“ aEr)

(g+n+1,¢) (Bip=(p,qd)DEZ)
(', p) (Eipi=(,q) D EZF)

6. Bi_g = (p, q'), Ei = (p/>Q)7 E; = (p, Q) DEE,

fﬂL\Ezf:{

(Ey,Eo,-++ ,E; 3,E,E; 9, E; 1,Ei1q, -+ ,E,)
HL. E =(,q)
7. Ei=(p.q), Eiy1 = (0,9), Biy2 = (p,¢) DEF,
(Bv, Epyo o s By, By, Byo, B Eiygy oo+ L By

AL, B =, q)



EE 2.3 ¢, ¢ & exceptional sequence &35, ¢ IZflil 2.2 DL ZEREIT->T ¢ 12
nHEE, e~ LERT,

FEIE 2.4 ¢ % exceptional sequence &9 %, D& F, exceptional sequence ¢ & slice
ST, e~é, élF SITHDADDDVHFIET 5,

REBR BRI CREE Y B,

Step 1. ¢ = (Ey,Ey,--+ ,E,) LB LE, € =(E,E),--- ,E.) T, e~¢€, E} = E,
E'c ST(E)UA(E)USHE,) (Vi) AT HDDHFET 2,

Failel, 4 % B c AU EE)USTQ4E) 2R THE L TERT 2,

exceptional sequence DEFKL D, €, >0 TH DT, £ =17 6; IZBHT 2 ik T
T l=0%0Fe=c LTV, (>0DEE, i=min{j|l >0} EEL,

E; ¢ ST(E) (V) DEE, " = (B, Ey,-- B 1,QF; By, B,) 8L, 2Dk
E, M 222 XD, e~ THD, QF, € AQEVEHNUST(QEVE) DT, it
WEDIRE X VG2 AT € 2B ENTE S,

E;€ST(E) %% j IET DL E, Ej<. FE, £33, COLE, B DY &,
(AT & XA 2.2.1 2fliH) 2L T) j=i—1 &L TEXV, Ej< E AT j00i-1
DEZDARDYGEITIE, ¢ ZMiE 224 DX IICE D, j£i—17%% j TEj <. E Z&
T ODVBEHET DL E, (MRS IIMHE 221 )L T) j=i—-2 L TED, 2
LT, ¢ 2l 226 DEIICED, WTNOHATH e~ THS, TIT, i DY
Tirs £, =0THY, El<E_, &b El € A(E)UST(E) TH5b, £>TIDY;
ALINEDIRE L D 2R T € 2D 2 LDTES,

Step 2. ¢ Z stepl. DEIIWCEDB L, ¢ 1ZH B slice S ITHDIALZ ENTE 3,

¢ = (E,E),--- E) £, exceptional sequence DEFEL D, fEED ¢ £ j ITHL
B} € ST(ENUA(ENUS™(E)) AT 2 EICHERT 5, 610, i #5618 B L B}
2D r-orbit ICHBH I LIHERET %, El = (pi,q;) EBE . pi—qi=t; LEL, TDLES
ZRDEIICED, TRTDOE T SIKBLTWEETE, 1<t<r t¢ {t,ty, -t }IC
MU, ti=max{t; [t; <t} t;=min{t;[t; >t} &L B, ISIT. Y e ST(E)NST(E)
LB, ZLTC. X=(pq Zp—qg=t, XS (Y)N(ST(E)UST(E)) LEh. D
XBSWKET5ET5E, S iEslice THSB, O

% 2.5 ¢= (B, Ey, -+, E,) % exceptional sequance £ § 5 &, r<n Th?,

% 2.6 X n DEED exceptional sequance €, € [N L, e~€ TH S,
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