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e Inthe late 1990s, Enochs asked whether each
covering class of modules is closed under
direct limits.

e This problem is still open in general.

e Covers and envelopes were introduced in the
early 1980s by Enochs and independently,
by Auslander and Smalg.
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o Enochs gave a general definition in terms
of commutative diagrams for modules over ar-
bitrary rings.

o Auslander and Smalg, mainly concerned with
the case of finitely generated modules over fi-
nite dimensional algebras, stressed the func-
torial viewpoint and coined the terminology of
contravariant and covariant finiteness.
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e Enochs first noticed the categorical version
of injective envelopes.

e He made a general definition of envelopes
and covers by diagrams for a given class of
modules in 1981 (Injective and flat covers,
envelopes and resolvents, Israel J. Math. 39).

e In this setting, all the existing envelopes and
covers can be recovered by specializing the
class of modules.
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e The work of Enochs provided a common frame
for a number of classical notions, such as
injective envelopes and projective covers.

e On the other hand, it also raised many chang-
ing problems that are still object of current
research.

e For instance, the well-known Flat Cover Con-
jecture, asserting that each module admits a
flat cover, remained open for almost twenty
years and was settled in 2001.
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A C-cover of M is a homomorphism ¢ : C — M with C € C

such that:
C/
(a) Any diagram o J/ with C’ € C can be completed.
y2
d)
(&
(b) The diagram J/(” can be completed only by auto-
¥ ‘

morphisms of C.
If ¢ satisfies (a) and perhaps not (b), it is called a C-precover.
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e Dually, we have the definitions of a (special)
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e C-precover = right C-approximation

C-cover = minimal right C-approximation
e C-preenvelope = left C-approximation
C-envelope = minimal left C-approximation
e precovering = contravariantly finite
e preenveloping = covariantly finite.




Preliminaries

2.2 Cotorsion pair (or cotorsion theory)

e A pair (F, C) of classes of R-modules is called
a cotorsion pair (or cotorsion theory)




Preliminaries

2.2 Cotorsion pair (or cotorsion theory)

e A pair (F, C) of classes of R-modules is called
a cotorsion pair (or cotorsion theory) if

F=1C={F:Ext'(F,C) =0forall C € C},




Preliminaries

2.2 Cotorsion pair (or cotorsion theory)

e A pair (F, C) of classes of R-modules is called
a cotorsion pair (or cotorsion theory) if

F="'C={F :Ext'(F,C) =0forall C €C},
C=F+={C:Ext'(F,C)=0forall F € F}.




Preliminaries

2.2 Cotorsion pair (or cotorsion theory)

e A pair (F, C) of classes of R-modules is called
a cotorsion pair (or cotorsion theory) if

F="'C={F :Ext'(F,C) =0forall C €C},
C=F+={C:Ext'(F,C)=0forall F € F}.
e For a class C,




Preliminaries

2.2 Cotorsion pair (or cotorsion theory)

e A pair (F, C) of classes of R-modules is called
a cotorsion pair (or cotorsion theory) if

F="'C={F :Ext'(F,C) =0forall C €C},
C=F+={C:Ext'(F,C)=0forall F € F}.

e For a class C, (+(Ct), Ct) is a cotorsion pair
generated by C,




Preliminaries

2.2 Cotorsion pair (or cotorsion theory)

e A pair (F, C) of classes of R-modules is called
a cotorsion pair (or cotorsion theory) if
F="'C={F :Ext'(F,C) =0forall C €C},
C=F+={C:Ext'(F,C)=0forall F € F}.
e For a class C, (+(Ct), Ct) is a cotorsion pair

generated by C, and (*C, (+C)') is a cotor-
sion pair cogenerated by C.




Preliminaries

2.2 Cotorsion pair (or cotorsion theory)

e A pair (F, C) of classes of R-modules is called
a cotorsion pair (or cotorsion theory) if

F="'C={F :Ext'(F,C) =0forall C €C},
C=F+={C:Ext'(F,C)=0forall F € F}.
e For a class C, (+(Ct), Ct) is a cotorsion pair

generated by C, and (*C, (+C)') is a cotor-
sion pair cogenerated by C.

e For example,




Preliminaries

2.2 Cotorsion pair (or cotorsion theory)

e A pair (F, C) of classes of R-modules is called
a cotorsion pair (or cotorsion theory) if

F ="1C={F:Ext'(F,C) =0forall C € C},
C=F+={C:Ext'(F,C)=0forall F € F}.
e For a class C, (+(C1), C*) is a cotorsion pair
generated by C, and (*C, (+C)') is a cotor-
sion pair cogenerated by C.
e For example, (R-Mod, Znj) and (Proj, R-Mod)
are cotorsion pairs.
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e A cotorsion pair (F, C) is called complete if
every R-module has a special F-precover, or
equivalently, if every R-module has a special
C-preenvelope.

e For example, (R-Mod, Znj), (Proj, R-Mod) and
(Flat,Cot) are complete cotorsion pairs.

e Any cotorsion pair generated by a set of mod-
ules is complete, i.e., (+(C*), Ct) is complete
if C is a set of modules.
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e A cotorsion pair (F, C) is called perfect if F is
a covering class and C is an enveloping class.

e A cotorsion pair (F, C) is called closed if F is
closed under direct limits.

o Every perfect cotorsion pair is complete.

o If (F, C) is a complete and closed cotorsion
pair, then it is perfect.




Preliminaries

e For example,




Contents Introduction Preliminaries Enochs Conjecture  Two special cases of Enochs Conjecture  References

o For example,




Contents Introduction Preliminaries Enochs Conjecture  Two special cases of Enochs Conjecture  References

o For example, (R-Mod, Znj) and (Flat,Cot) are
perfect cotorsion pairs.




Preliminaries

o For example, (R-Mod, Znj) and (Flat,Cot) are
perfect cotorsion pairs.

e (Proj, R-Mod) is not perfect in general.




Contents Introduction Preliminaries Enochs Conjecture  Two special cases of Enochs Conjecture  References

o For example, (R-Mod, Znj) and (Flat,Cot) are
perfect cotorsion pairs.

e (Proj, R-Mod) is not perfect in general.




Preliminaries

o For example, (R-Mod, Znj) and (Flat,Cot) are
perfect cotorsion pairs.

e (Proj, R-Mod) is not perfect in general.

e Any cotorsion pair cogenerated by a class
of pure injective modules




Contents Introduction Preliminaries Enochs Conjecture  Two special cases of Enochs Conjecture  References

o For example, (R-Mod, Znj) and (Flat,Cot) are
perfect cotorsion pairs.

e (Proj, R-Mod) is not perfect in general.

e Any cotorsion pair cogenerated by a class
of pure injective modules




Contents Introduction Preliminaries Enochs Conjecture  Two special cases of Enochs Conjecture  References

o For example, (R-Mod, Znj) and (Flat,Cot) are
perfect cotorsion pairs.

e (Proj, R-Mod) is not perfect in general.

e Any cotorsion pair cogenerated by a class
of pure injective modules is perfect,




Contents Introduction Preliminaries Enochs Conjecture  Two special cases of Enochs Conjecture  References

o For example, (R-Mod, Znj) and (Flat,Cot) are
perfect cotorsion pairs.

e (Proj, R-Mod) is not perfect in general.

e Any cotorsion pair cogenerated by a class
of pure injective modules is perfect, i.e.,
(*C, (*+C)*) is a perfect cotorsion pair




Contents Introduction Preliminaries Enochs Conjecture  Two special cases of Enochs Conjecture  References

o For example, (R-Mod, Znj) and (Flat,Cot) are
perfect cotorsion pairs.

e (Proj, R-Mod) is not perfect in general.

e Any cotorsion pair cogenerated by a class
of pure injective modules is perfect, i.e.,
(+C, (+C)*) is a perfect cotorsion pair if C is
a class of pure injective modules.
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o Recently, Angeleri Hiigel, Saroch and Trlifaj
gave a positive answer for the case when A
fits in a cotorsion pair (A, B) with 5 closed
under direct limits. In particular, they have a
positive answer when (A, B) is any tilting co-
torsion pair.

e Recall that the tilting cotorsion pair induced
by a tilting module T is the cotorsion pair (1B, B),
where B = T+~

— {B : Ext/(T,B) = O foralli > 1}.
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provided that A is a covering class and B is an
enveloping class.

A special case of Enochs Conjecture:
Every perfect cotorsion pair is closed.

Note that every complete and closed cotorsion
pair is perfect.

This special case is still open.
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o Recall that a ring R is left coherent if every
finitely generated left ideal of R is finitely pre-
sented.

e A module M is said to be absolutely pure (or
FP-injective) if M is pure in every module con-
taining it as a submodule, or equivalently, if
Ext!(F, M) = 0 for all finitely presented mod-
ules F.

e We will use Abs to denote the class of abso-
lutely pure left R-modules.
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The theorem above generalizes the charac-
terizations of Noetherian rings in terms of injec-
tive (pre)covers:

The following are equivalent for a ring R.

Q@ R is left Noetherian.
@ 1njis precovering.
© ZInjis covering.
However, the proofs are totally different.
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e We have just proved that
R is a left coherent ring
<= the class of absolutely pure left
R-modules is covering.
° ?R
<= the class of flat left R-modules
is enveloping.




References

References

@ L. Angeleri Hugel, J. Saroch, J. Trlifaj, Aproximation and Mittag-Leffler
conditions the applications, Israel J. Math. 226 (2)(2018),757-780.

M. Auslander, S. Smalg, Preprojective modules over artin algrbras, J.
Algebra 66 (1980), 61-122.

M. Auslander, |. Reiten, Applications of contravariantly finite subcate-
gories, Adv. Math. 86 (1991), 111-152.

R. Baer, Abelian groups which are direct summands of every containing
group, Bull. Amer. Math. Soc. 46 (1940), 800-806.

H. Bass, Finitistic dimension and a homological generalization of semi-
primary rings. Trans. Amer. Math. Soc. 95 (1960), 466-488.

) & & W W

L. Bican, R.El Bashir, E. E. Enochs. All modules have flat covers. Bull.
London Math. Soc. 33 (2001), 385-390.




References

References

B
B
B
B
[
B

S. U. Chase, Direct products of modules, Trans. Amer. Math. Soc. 97
(1960), 457-473.

J. L. Chen and N. Q. Ding, A note on the existence of envelopes and
covers, Bull. Aust. Math. Soc. 54 (1996), no. 2, 383-390.

G.C. Dai and N.Q. Ding, Coherent rings and absolutely pure covers.
Comm. Algebra 46 (2018), 1267-1271.

G.C. Dai and N.Q. Ding, Coherent rings and absolutely pure precovers,
Comm. Algebra 47 (2019), 4743-4748.

R. F. Damiano, Coflat rings and modules, Pacific J. Math. 81 (1979), 349-
369.

B. Eckman and A. Schépf, Uber injective modular, Arch. Math. 4 (1953),
75-78.




References

References

@ H. B. Enderton, Elements of Set Theory, Academic Press, 1977.

@ E. E. Enochs and O. M. G. Jenda, Relative Homological Algebra, De
Gruyter Expositions in Mathematics, vol. 30, Walter de Gruyter, Berlin-
New York, 2000.

¥ R. Gobel and J. Trlifaj, Approximations and Endomorphism Algebras of
Modules, De Gruyter Expositions in Mathematics, vol. 41, Walter de
Gruyter, Berlin-New York, 2012.

¥ T Jech, Set Theory, The third millennium edition, revised and expanded,
Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2003.

B. Maddox, Absolutely pure modules, Proc. Amer. Math. Soc. 18 (1967),
155-158.

L. X. Mao and N. Q. Ding, Envelopes and covers by modules of finite
FP-injective and flat dimensions, Comm. Algebra 35 (2007), 833-849.




References

References

@ C. Megibben, Absolutely pure modules, Proc. Amer. Math. Soc. 26
(1970), 561-566.

¥ M. Prest, Purity, Spectra and Localisation, Encyclopedia of Mathematics
and its Applications, vol. 121, Cambridge University Press, Cambridge,

2009.

@ L. Salce, Cotorsion theories for abelian groups, Sympos. Math. 23 (1979),
11-32.

@ J. Saroch, On the non-exsitance of right almost split maps, Invent. Math.
209 (2017), 463-479.

@ J. Saroch, Approximations and Mittag-Leffler conditions the tools, Israel
J. Math. 226 (2)(2018),737-756.

@ B. Stenstrém, Coherent rings and FP-injective modules, J. London Math.
Soc. 2 (1970), 323-329.

¥ J. Xu, Flat Covers of Modules, Lecture Notes in Math., vol. 1634,

Springer-Verlag, Berlin, 1996.



References

Thank you!

AUTHOR:  Nanging Ding
ADDRESS: Department of Mathematics
Nanjing University
Nanjing 210093, China
EMAIL: nqding@nju.edu.cn



mailto:nqding@nju.edu.cn

	Introduction
	Preliminaries
	Enochs Conjecture
	Two special cases of Enochs Conjecture
	References

