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What is motion?

1. Poisson algebras appear in classical mechanical system

2. Quantized algebras appear in quantum mechanical system
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Poisson algebra 1

Equations of motion of mechanical system are expressed by Hamiltonian
systems to develop the theory of classical mechanical system:

y: position vector , x: momentum vector
For any C*®-functions f = f(y,x),g = g(y,x) € C=(k?),

{f.g} @a - 5&
0
_(9f ofy (0 1) (%)
dy’ox) \-1 0 g%
_ 0 1 ¢
= vf <_1 0) (Vg)
In particular, in the polynomial ring k[y,x] C C*°(k?)

{y,x}=1
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Poisson algebra 2

All vector spaces are over a field k of characteristic zero.

A vector space R = (R,-,{—,—}) is said to be a Poisson algebra if

e (R,-) is a commutative algebra.
o (R,{—,—}) is a Lie algebra.

e {ab,c} = a{b,c} +{a,c}bforall a,b,c € R. (Leibniz rule)
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Example [Jordan and Oh, 2012]

o Let R=C[x,y,z].
e Fix s, t € R\ {0} such that s and t are coprime.

For f,g € R, define

of of of
Vf ox

A T
_ 2 _ og g g
{f,g}—t Vg - be ox o dy o 0z 8
t t t
V(s/t)] |t —sht tay —Say t9s —s5t

o x,y}=t% — st [y z} =12 — s {z, x}—t Say
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Poisson primitive ideal [Oh, 1999]

R: Poisson algebra

e A Poisson ideal | of R is said to be a Poisson primitive ideal if

there exists a maximal ideal M of R such that / is the largest Poisson ideal
contained in M.

That is, / is the sum of all Poisson ideals contained in M.

Let B be an associative algebra.

e An ideal | of B is a (left) primitive ideal if and only if

there exists a maximal left ideal M of B such that / is the largest ideal
contained in M.

e Poisson primitive ideal = Poisson prime ideal.
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Poisson module [Oh, 1999]

A vector space M is said to be a Poisson R-module if
e there exists a bilinear map
RxM— M, (a,m)~ am

makes M into a left (R, -)-module,
e there exists a bilinear map

RxM— M, (a,m)— {a,m}
makes M into a left (R, {—, —})-Lie module,
fora,b€e Rand me M,

e {a,b}m = {a, bm} — b{a, m},
e {ab, m} = a{b, m} + b{a, m}.
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Poisson enveloping algebra [Oh, 1999]

Let M be a Poisson module. Then
e there exists an algebra homomorphism
a: R — Endg(M), «a(a)m=am.
e there exists a Lie homomorphism
B:(R,{—,—}) = Endx(M);, p(a)ym={a, m}.

For a, b € R,
* a({a, b}) = B(a)a(b) — a(b)B(a) = [B(a), a(a)].
e B(ab) = a(a)B(b) + a(b)B(a).

Concentrate on the triple (Endk(M), «, B).
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Poisson enveloping algebra

Let U(R) be an associative algebra,
a: R — U(R) an algebra homomorphism,
B:(R,{—,—}) = U(R). a Lie homomorphism.

The triple (U(R), «, 8) is said to be a Poisson enveloping algebra of R if,
for any triple (B, 7, d) such that

7({a, b}) = [6(a),v(a)] and

6(ab) = 7(2)(b) + (b)6(2),

there exists a unique algebra homomorphism h such that

ha=-~, hB=24.

Sei-Qwon Oh (CNU) Poisson algebra August 27, 2019



Theorem [Oh, 1999]

Let U(R) be the Poisson enveloping algebra of R.
Then, for any vector space M,

M is a Poisson R-module if and only if M is a U(R)-module.

M is a simple Poisson R-module if and only if M is a simple U(R)-module. \

Motivation
For an ideal I of an associative algebra B,
| is a primitive ideal if and only if | = anng(M) for some simple B-module.
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Simple Poisson module [Oh, Sim and Zhu, 2019]

e There exits a simple Poisson R-module M such that anng(M) is not
Poisson primitive.

e Let R be an affine Poisson algebra. Then
Every Poisson primitive ideal is an annihilator of simple Poisson module.

e Let R be an affine Poisson algebra over C. Then
Every annihilator of simple Poisson module is Poisson primitive. [Launois,
etc., 2018]
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Quantization (Star product)

e R a Poison algebra

e A k[[t]]-algebra Q = R[[t]] with star product * such that for any
abe RCQ,

axb=ab+ Bi(a,b)t+ By(a,b)t> + ...
subject to
{a,b} =t (axb—bxa)le—o, - (%)

where B; : R x R — R are bilinear products,
is called a quantization of R.
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Weyl algebra 1

e The Poisson Weyl algebra is the k-algebra R = k[x, y| with Poisson

bracket
of g  Ogof

{f.g} = —aanyrgay

for all f,g € R, namely {y,x} = 1.

e R[[t]] = k[x, y][[t]] the formal power series over R
The Moyal-Weyl quantization is the k[[t]]-algebra R[[t]] = k[x, y][[¢]]
subject to the relation

yx=xy+t

e The Weyl algebra W is the k-algebra generated by x, y subject to the
relation
yx=xy+1
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Weyl algebra 2

o The Weyl algebra W is the k-algebra generated by x, y subject to the
relation
yx=xy+1

That is,
W = R[[t]l[e=1 = R[[t]]/(t = DR[[]]  (?77)

e For
f=1+tx+ 2+ +...€R[[t] = k[x, y][[t]],

fleer=1+x+124+13+... (777
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Semiclassical limit 1

B: an associative algebra with t € B such that
e t: a nonzero, nonunit, non-zero-divisor, central element,

e B/tB is commutative.

Then B := B/tB is a Poisson algebra with

{3,b} = t~1(ab — ba)
forala=a+tB,b=b+tBc B.
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Semiclassical limit 2

e B: a quantization of B,
e B = B/tB: a semiclassical limit of B,

e By := B/(t — \)B: a deformation of B (or B),

where 0 # X € k such that t — A is a nonzero and nonunit in B.
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Example 1

e Let B be the k[t]-algebra generated by x, y subject to the relation
yx —xy — t.

B:=k[t] < x,y > /(yx —xy — t)

e Semiclassical limit.

B =B/tB=k[x,y], {y,x}=1

e Deformation.

By :=B/(t-1)B=W
In general, for each 0 #£ X\ € k,

By :=B/(t—A)B=Kk[x,y], yx=xy+ A
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Example 2

e Quantized algebra.
Let F = k[(t + 1)™1] and let
B:=F <x,y>/(yx—(t+1)xy)

e Semiclassical limit.

B=B/tB=kK[xy], {y,x}=xy
e Deformation.
Let g € k be not a root of unity and let

O4(k?) :=B/(t+1-q)B
That is,
Oq(k?) =k[x,y], yx = qxy,

called a coordinate ring of quantized affine 2-space.
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Prim(Oq(k%)) = {(0), (x — o, y), (x,y — B) | o, B € k}

P.Prim(B) = {(0), (x — a,y), (x,y = B) | &, B € k}

e This phenomenon holds for many quantized algebras and their
semiclassical limits.
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Homomorphism [Myung and Oh, 2019]

e A natural group homomorphism

¢ : Aut(B) — P.Aut(B)
is constructed, where B is a quantized algebra, and B is its semiclassical
limit.
e Kontsevich's conjecture (2005):
The group of automorphisms of Weyl algebra W, is isomorphic to the
group of Poisson Weyl algebras, which was solved by Alexei Kanel-Belov,
Andrey Elishev and Jie-Tai Yu in December of 2018.
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Dixmier's conjecture

e Dixmier’s conjecture [1968] : Every endomorphism of the Weyl algebra
W, is an automorphism.

e Jacobian conjecture [Keller, 1939] : Let f = (f1,...,f,) : C" — C" be a
polynomial function such that det(g—z)ﬂj:l is nonzero for every point then
f is invertible and its inverse f~! is also a polynomial function.

e Kanel-Belov and Kontsevich [2007] proved that Dixmier’ conjecture is
equivalent to Jacobian conjecture.

e Conjecture: Every Poisson endomorphism of the Poisson Weyl algebra
B, is a Poisson automorphism, where B, is a semiclassical limit of W,,.

Sei-Qwon Oh (CNU) Poisson algebra August 27, 2019 22 /24



References

1. K. R. Goodearl, Semiclassical limits of quantized coordinate rings, in
Advances in Ring Theory (D. V. Huynh and S. R. Lopez-Permouth, Eds.)
Basel Birkhduser (2009), 165-204.

2. David A. Jordan and Sei-Qwon Oh, Poisson spectra in polynomial
algebras, Journal of Algebra, 400 (2014), 56-71.

3. Alexei Kanel-Belov and Maxim Kontsevich, Automorphisms of the Weyl
algebra, Lett. Math. Phys. 74 (2005), 181-199.

4. Maxim Kontsevich, Deformation quantization of Poisson manifolds,
arXiv: g-alg/9709040, 1997 and Lett. Math. Physics, 2003.

5. No-Ho Myung and Sei-Qwon Oh, Endomorphisms of quantized algebras
and their semiclassical limits, submitted.

Sei-Qwon Oh (CNU Poisson algebra August 27, 2019 23 / 24
/



Thank you for your attention
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