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In this talk,

» we first introduce an application of (undirected) two edge-colored graphs
to group algebras of groups which have non-abelian free subgroups.

We have used these graphs to study primitivity of group algebras of non-Noetherian groups, where
generally a ring R is right primitive if it has a faithful irreducible right R-module .

Our method using two edge-colored graphs seems to be effective to investigate a group algebra if its
group has non-abelian free subgroups.

But there exist some non-Noetherian groups with no non-abelian free subgroups; for example
Thompson’s group #'and a free Burnside group of large exponent.

» Next we introduce briefly Thompson’s group F and consider amenability of it.

» Finally, in order to be able to investigate the group algebra of this group,
we use a ‘directed’ two edge-colored graph and improve our method.



Two-edge coloured graphs

A two-edge colored graph is a simple graph each of whose edges

colored with one of two different colors.

V={v,v,,..,0, fis avertex set, E and F are two edge sets;

E={e,e,, .., e, }/ F=Af,f0 cosfin } /

A cycle in the graph is called
an alternating cycle if its edges

belong alternatively to E and F.

For example, f,e.f,e.f,e,




SR-graphs

A two-edge colored graph § = (V, E, F) is an SR-graph if every
component of @ = (V, E) is a complete graph.

In an SR-graph, we call an alternating cycle an SR-cycle;

for example, f,e,f.e.f.e,.
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Complete graphs

E={e,e,...,e,} /

[ I(@= {v3, v6} ]

F= {f;’fz '"?fm} /



An introduction to an application of SR-graph theory

We begin with the following simple problem.

Let G be a group and KG the group algebra of G over a field K.

We denote KG \ {0}, the non-zero elements in KG, by KG*.

g Problem 1 ~

Find elements A, B € KG* such that

AX + BY # 0 forany X,Y € KG".
- J

If G has a non-abelian free subgroup, then we can find this kind of elements.




Let G be a group which has a nonabelian free subgroup.

In this case, G has always a free subgroup of infinite rank: {(a,, a,, b, by, - ).

LetA=a, +a,and B = b; + b,. Suppose, to the contrary, that AX + BY = 0 for some X,Y € KG*.

Since X,Y € KG*, they are expressed as follows:

X = ZxESX axx, Y = ZyESy :Byya
where a,, 5, € K \ {0}, Sy= Supp(X) and Sy = Supp(Y).

Since AX + BY = 0, we have

Z a,(ax + axx) + z By (b1y + byy) = 0.

XESx YESy

We would like to regard these elements a;x and b;y as vertices. Because of that, we need to
distinguish all these elements even if for i # j, a;x = a;x’, b;y = b;y' or a;x = bjy inG.
So we define the vertex set and two edge set as follows:

V={(a;,x),(b;,y) | i=12x€ Sx,y € Sy}

E={vw|v,weV;v+w,[v] =[w]in G}, where [v] = ax if v = (a,x).

F={vw|v,weV;v+w,v=_(a,x),w=(ayx)orv=(b,y),w=(by,y)}



V= {(ailx)l(bi'y) | [ = 1,2,X € SX'y € SY}

E={vw|v,weV;v#w,[v]=[w]in G}, where [v] = ax if v = (a, x).

F={vw|v,weV;v+w,v=_(a,x),w=(ayx)orv=_(b,y),w=(by,y) }
Since ) @x(@x+@x) + ) fy(biy+by) =0,

XESy YESy
all elements of G in this equation are cancelled each other.

Hence (cy,2;) € {ay, az} X Sx,3(c3, 22) € ({ag, az} X Sx) U ({by, by} X Sy),
C1Z1 = G2,
If c; = a;(resp. c; = b;), thenfor i # j, a;z, (resp. b;z,) exists in the above expression, and so

3C3 € {al, a,, bl' bz} With C3 * Cy and 3(6‘4, 23) € ({al, az} X Sx) U ({bl! bz} X Sy), UV,=C121, €1 = 4

V,=C223,

C3Zy = CuZ3,
Cc, = a; or bi

= V,=C3Z
CmZ; = Cm+1Z1 3=C3Z>
-1, -1 -1 — =
= €1 C2€3 C4 " Cp Cmy1 =1, Um=CmZi
where ¢; € {a,,a;, by, b,} and ¢; # c;41. V,=C4Z3

We have thus seenthat A = a; + a,, B =b; + b, = AX + BY # 0 forany X,Y € KG".

Since {a,, a,, by, b,} is a free basis, this implies a contradiction. =



Problem 1 is strongly connected with amenability of groups.

{ JA,B € KG*,VX,Y € KG*, AX + BY # 0 = ( is not amenable. J

» ¢ has a non-abelian free subgroup = G is not amenable.

»(Definition) G is amenable if for P(G) = {S|S € G},3u: P(G) — [0, 1] such that
1.u(G) = 1.

2. If S and T are disjoint subsets of G, then u(SUT) = u(S) + u(T)

3.If S e P(G) and g € G, then u(gS) = u(S).

»Finite groups and abelian groups are amenable.

»The Burnside group B(m,n) is not amenable if m > 1 and n is enough large.

» F is amenable= VA,B € KG*, 3X,Y € KG*,AX = BY forany X,Y € KG".

»Is Thompson’s group F is amenable?




Thompson’s group F
F= ( 1 _ . .
= (%0, X1, -+, x5, | X7 T jx; = xj4q, fori <j).

= (xOrxl | [0 2171, xgtxix0], [x0 271, xg x4 xg])

» F is non-noetherian

» I has no non-abelian free subgroups.

» F is a torsion free group and includes a free subsemigroup.

» 3T > F such that T is simple.



We need to improve our graph theory so as to be effective for Thompson group F;

generally for a non-Noetherian group with no free subgroup.



5. Improvement on SR-graph theory

We considered the following SR-graph. We set here
A=a1+a2+a33nd3 =b1+b2+b3.

ai;Xxq axXq

Let Al = alaz_l and B]_ = blbz_l.

by ABB;A7B1 =1

We have to choose 4; and B,
soasto A;BB,ATBit # 1

boy1
Generally, it may happen that

b1)’2 Ai—}'alBliﬁl AfamBliBm —

According to our method, we have to
choose A; and B; so as to

asx; bz)’z A‘ll‘ahBliﬁl AfamBliﬁm + 1



b1y1
b3y

by,

b,y

aszXx;

b,y

We replace an undirected SR-graph with a directed one.



b1y1
b3y

by,

b,y

aszXx;

b,y

In this graph, an SR-cycle means a cycle along the direction of arrows.



AX + BY =0 X1 A2%1

b1y1

by,

axX3
by,

Az X

A= X
372 by,

Let Al - alaz_l, A2= azagl, Bl — blbz_l and B3 - B3B1_1.

A1B1B1A2AlB3 = 1, We have Only to ChOOSC AlBlBlAZAlBB * 1.



A result: If F satisfies

" 3a, b, € F\ {1} (i = 1,2,3) such that wu, - u, = 1
for u; € {a;a5", aya3", azart, byb; ', byb3 !, bsby ).

| _ ~1
N L, U= Cic T, Ujp1= CrCp 7,

where ¢; € {aq,a,, as, by, by, b3},

then two elements A = a; + a, + az and B = b; + b, + b; satisfy
vX,Y € KG*, AX + BY + 0.

In particular, F is not amenable.
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Thank you!



