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The purpose of this talk is to investigate the structure and ubiquity of Ulrich ideals in
a hypersurface ring.

In a Cohen-Macaulay local ring (R, m), an m-primary ideal [ is called an Ulrich ideal
in R if there exists a parameter ideal Q of R such that I 2 @, I? = QI, and I/I? is
R/I-free. The notion of Ulrich ideal/module dates back to the work [3] in 2014, where
S. Goto, K. Ozeki, R. Takahashi, K.-i. Watanabe, and K.-i. Yoshida introduced the
notion, generalizing that of maximally generated maximal Cohen-Macaulay modules ([1]),
and started the basic theory. The maximal ideal of a Cohen-Macaulay local ring with
minimal multiplicity is a typical example of Ulrich ideals, and the higher syzygy modules
of Ulrich ideals are Ulrich modules. In [3, 4], all Ulrich ideals of Gorenstein local rings of
finite CM-representation type with dimension at most 2 are determined by means of the
classification in the representation theory.

Nevertheless, even for the case of hypersurface rings, there seems known only scat-
tered results which give a complete list of Ulrich ideals, except the case of finite CM-
representation type and the case of several numerical semigroup rings. Therefore, in
this talk, we focus our attention on a hypersurface ring which is not necessarily finite
CM-representation type.

In what follows, unless otherwise specified, let (S,n) be a Cohen-Macaulay local ring
with dimS =d+1 (d > 1), and f € n a non-zero divisor on S. We set R = S/(f). For
each a € S, let @ denote the image of a in R. We denote by X the set of Ulrich ideals in
R. We then have the following, which characterizes Ulrich ideals in a hypersurface ring.

Theorem 1. Suppose that (S,n) is a regular local ring with dimS = d+1 (d > 1) and
0# fen. Set R=S/(f). Then we have

ay, s, ...,aq,0 € 0 be a system of parameters of S,
_ | and there exist x1, 22, ...,24 € (a1,a2, -+ ,aq,b) and & € U(S)
XR: (Cl_l,a/_Q,"‘,CL_d,b) d
such that b* + Z a;x; =€f.
i=0
where U(S) denotes the set of unit elements of S.

Let ai,...,aq,b € n be a system of parameters of S, so that b* + Zle a;x; = ef
with 21,...,24 € (a1, -- ,a4,b) and € € U(S). Then I = (aj,az,--- ,ag,b) € Xg, with
a reduction @Q = (ag,az, - ,aq) by Theorem 1. By [3, Corollary 7.2], in the exact
sequence 0 — @ — I — R/I — 0, the free resolution of I induced from minimal free
resolutions of ) and R/ is also minimal. We construct this resolution, by using the

relation 0% + Z?Zl a;z; = cf. We set
K =K,(ai,...,a4;8) = (K,,0F) and L = K,(z1,...,245) = (K,,0F)

are Koszul complexes of S generated by a1, ..., a4 and 21, ..., 24. We define G = (Ge, W)
by Gy = Ko, Gi = K; © Gy = 59 25=0 () for i > 1, and
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We notice that 9; = 0y, for any i > d+1. Set F' = (F,,0,) = (Goe ® R, 0, ® R). We then
have the following.
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] for i > 3.

Theorem 2. F:---—>FZ-£F@-_1 — = F gFozRi)R/I%O is a minimal free
resolution of R/I.

As a consequence, we get a matrix factorization of d-th syzygy module of R/I, which
is an Ulrich module with respect to I (see [3, Definition 1.2]).

Corollary 3. Let M = Im0,;. Then 0 — G0 8‘31 Gar1 — M — 0 is exact as S-

modules and 8§+1 = gFsa, where 7 : Ggy4q 5 Fyiq % M. Therefore Oq11 gives a matrizc
factorization of M.
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